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Initiation of Rain in Nonfreezing Clouds  
 

Most of the world’s precipitation falls to the ground as rain, much of which is 
produced by clouds whose tops do not extend to temperatures colder than 0oC.  The 
mechanism responsible for precipitation in these “warm” clouds is coalescence among 
cloud droplets.  The dominant precipitation-forming process in the tropics, 
coalescence is also effective is some midlatitude cumulus clouds whose tops may 
extend to subfreezing temperatures. 
 

A central task of precipitation physics is to explain how raindrops can be created 
by condensation and coalescence in times as short as 20 min.  This is often quoted as 
the interval observed between the initial development of a cumulus cloud and the first 
appearance of rain.  During this time a cloud population, consisting of the order of 
100 droplets per cm3 averaging 10 μm in radius, evolves into a raindrop population of 
1000 drops per m3 with typical diameters of 1 mm.  Although there are still some 
uncertainties about details, it is generally agreed that collisions and coalescence of 
droplets account for nearly all of this 50-fold increase in radius, but that these events 
do not occur in significant numbers until some of the droplets grow to a radius of 
about 20 μm.  Smaller droplets have small collision cross sections and allow settling 
speeds and hence have little chance of colliding with one another.  Coalescence can 
only become significant after the droplet spectrum evolves to include a spread of sizes 
and fall speeds, with some droplets reaching 20 μm or so.  The rate of collisions that 
a droplet of this size experiences increases rapidly with size, in proportion to at least 
the fourth power of the radius, so that coalescence proceeds at an accelerating pace 
once it begins.  By the time some droplets reach a radius of 30 μm in a developing 
cloud, coalescence is likely to be the dominant growth process.  A typical raindrop of 
1 mm diameter may be the result of the order 105 collisions.  Before these can begin, 
some other process must account for the production of a few droplets (perhaps only 
one in 105 droplets, or one per liter of cloud volume) as large as 20 μm in radius. 
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Setting the stage for coalescence 
 

From the approximate equation (7.19), it may be determined that a cloud droplet 
can grow by condensation to a radius of 20 μm in 10 min under conditions of constant 
ambient saturation ratio if the supersaturation is about 0.5%.  For typical droplet 
concentrations, this supersaturation would require a sustained updraft of 5 m/s or 
greater.  Such special conditions would only be approximated in developing cumulus 
clouds of considerable vertical extent, but in these clouds it appears plausible that 
condensation in an adiabatically ascending cloudy parcel can produce the droplets 
needed to initiate coalescence in realistic times. 
 

Condensation alone, however, does not account for the broadening of the droplet 
spectrum that seems to be concomitant with the growth that occurs before coalescence 
begins.  A broadening toward larger sizes greatly increases the chances of 
coalescence once a size approaching 20 μm is reached.  A broadening to smaller 
sizes contributes little to coalescence because the effective collision cross sections 
remain very small. 
 

For a time it was thought that giant sea salt nuclei, or possibly giant insoluble 
particles, might account for the one particle in 105 needed to initiate coalescence. 
There is no evidence that such outliers from the regular cloud population are always 
present, and even where they are known to exist it now appears that they may not be 
essential for the formation of rain (Woodcock et al., 1971).  Other explanations must 
therefore be sought for the onset of coalescence. 
 

A growing body of observations and theoretical calculations point to mixing 
between the cloud and its environment as the most likely explanation for spectral 
broadening prior to coalescence.  Two different kinds of mixing may be envisioned 
when subsaturated, cloud-free air is entrained into a cloud.  In the first, it is assumed 
that mixing occurs quickly and completely so that all the droplets at a given level in 
the cloud are exposed to identical conditions of subsaturation.  As a group, they 
evaporate until saturation (the equilibrium condition) is reached.  The effects of this 
process, often called homogeneous mixing, following Baker and Latham (1979), are 
to reduce all the droplet sizes by evaporation, to reduce the concentration by dilution 
in proportion to the amount of outside air introduced, and possibly to introduce newly 
activated droplets, depending on the treatment of nucleation.  Homogeneous mixing 
implicitly assumes that the time required for the cloudy and the entrained air to mix is 
short compared to the time for the droplets to evaporate and re-establish vapor 
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equilibrium.  This process can explain a broadening of the droplet spectrum to 
smaller sizes, but cannot account for the creation of larger droplets than in an 
unmixed, adiabatic parcel. 
 

The alternative view of the mixing process supposes that the time scale of 
droplet evaporation is short compared to that of turbulent mixing.  Evaporation 
proceeds rapidly in the cloud regions first exposed to entrained air, creating volumes 
of air that are droplet-free but essentially saturated.  These volumes then mix with 
the previously unaffected cloud, reducing the concentration of droplets by dilution 
without changing their size.  This process is sometimes called inhomogeneous 
mixing, although it should be noted that the initial evaporation step is the same as for 
homogeneous mixing.  The difference is that in this alternative view the evaporation 
step is applied to relatively small volumes.  A cloud may be regarded as consisting of 
many such volumes with different sizes and mixing histories.  It is inhomogeneous 
on scales larger than these volumes.  The important distinction from this point of 
view is that the entrainment of dry air into a cloud need not lead to a general reduction 
in droplet size.  The cloud water concentration will be reduced from its unmixed 
value, but depending on the details of the mixing process the drop sizes in some parts 
of the cloud may not be affected.  
 
   Many researchers have recently developed models of cloud droplet evolution 
including entrainment and turbulent mixing.  These have succeeded in explaining 
certain significant features of observations: the variability of spectral shapes; the 
variability of water concentration and its reduction below the adiabatic value; the 
broadening of spectra towards smaller sizes with increasing time and altitude. Some 
of the key papers are those of Baker and Latham (1979), Telford and Chai (1980), and 
Jonas and Mason (1982).  Paluch and Knight (1984) may be consulted for a review 
of this work. 
 
   Telford and Chai (1980) argued further that the entrainment of dry air at cloud 
top can explain the production of large droplets.  The entrained air mixes with the 
cloud, evaporating just enough droplets to bring the mixture to saturation.  This 
chilled volume of saturated air, which may contain droplets that were too large to 
evaporate completely, descends through the cloud as a distinct entity—a cold, 
saturated stream—maintaining saturation during descent by evaporation of droplets 
mixed in from the adjacent cloud.  This process proceeds down from the cloud top in 
repeated cycles, progressively diluting the cloud from the top downwards.  The 
cloud thus consists of many distinct entities or blobs, some moving upwards with 
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droplets growing by condensation, others downwards at saturation but with few 
droplets.  The effect of mixing between the upwards and downwards moving entities 
is to reduce the concentration of droplets in the ascending air.  The supersaturation 
created by the updraft is then distributed over fewer droplets, permitting them to grow 
to larger sizes than they would otherwise.  There is still no consensus on details of 
the mixing mechanism, as may be seen from recent work (Telford et al., 1984; Paluch 
and Knight, 1986; Telford, 1987).  It seems, however, that the new understanding of 
the significance of cloud-top entrainment may eventually explain many of the 
observed microphysical characteristics of clouds. 
 
 
Droplet growth by collision and coalescence 
 
   Collisions may occur through differential response of the droplets to 
gravitational, electrical, or aerodynamic forces.  Gravitational effects predominate in 
clouds: large droplets fall faster than smaller ones, overtaking and capturing a fraction 
of those lying in their paths.  The electrical and turbulent fields required to produce a 
comparable number of collisions are much stronger than those thought usually to exist, 
although the intense electric fields in thunderstorms may create significant local 
effects.  As a drop falls it will collide with only a fraction of the droplets in its path 
because some will be swept aside in the airstream around the drop.  The ratio of the 
actual number of collisions to the number for complete geometric sweep-out is called 
the collision efficiency, and depends on the size of the collector drop and the sizes of 
the collected droplets. 
 

Collision does not guarantee coalescence.  When a pair of drops collide several 
types of interaction are possible: (1) they may bounce apart; (2) they may coalesce 
and remain permanently united; (3) they may coalesce temporarily and separate, 
apparently retaining their initial identities; (4) they may coalesce temporarily and then 
break into a number of small drops.  The type of interaction depends upon the drop 
sizes and collision trajectories, and is also influenced by the existing electrical forces 
and other factors.  For sizes smaller than 100 μm in radius, the important interactions 
are (1) and (2) in the preceding list.  The ratio of the number of coalescences to the 
number of collisions is called the coalescence efficiency.  The growth of a drop by 
the collision coalescence process is governed by the collection efficiency, which is the 
product of collision efficiency and coalescence efficiency.  Laboratory studies of 
small colliding droplets indicate that the coalescence efficiency is close to unity if the 
droplets are charged or an electrical field is present.  Because weak fields and 
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charges exist in natural clouds, theoretical studies of droplet growth by 
collision-coalescence usually make the assumption that the collection efficiency 
equals the collision efficiency.  The problem of explaining the development of rain 
then reduces to one of determining collision rates among a population of droplets. 
 
(a) Droplet terminal fall speed 
 

The drag force exerted on a sphere of radius r by a viscous fluid is given by  

                        DR CurF ρπ 22

2
= ,                      (8.1) 

where u is the velocity of the sphere relative to the fluid, ρ is the fluid density, and CD 
is the drag coefficient characterizing the flow.  In terms of the Reynolds number Re 
= 2ρur/μ, where μ the dynamic viscosity of the fluid, (8.1) may be written in the form 

                      )24Re/(6 DR CruF πμ= .                   (8.2) 
The gravitational force on the sphere is given by  

                      )(
3

4 3 ρρπ
−= LG grF , 

where ρL is the density of the sphere.  For a water drop falling through air ρL >>ρ and 
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to good approximation.  When FG = FR the drop falls relative to the air at its terminal 
fall speed.  For this equilibrium situation 
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   For very small Reynolds numbers the Stokes solution [see Lamb (1945), pp. 
598-599] to the flow field around a sphere shows that (CDRe/24) = 1.  In this case, 
(8.4) reduces to  
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with k1≈1.19×106 cm-1s-1.  This quadratic dependence of fall speed on size is called 
Stokes’ Law and applies to cloud droplets up to about 30 μm radius. 
 

Experiments with spheres indicate that for sufficiently high Reynolds numbers  
CD becomes independent of Re and has a value of about 0.45.  Using this value in 
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(8.4) leads to 
                            u = k2r1/2                         (8.6) 

where 

                      12/12/103
2 )(102.2 −×= scmk

ρ
ρ               (8.7) 

In (8.7) ρ is the air density and ρ0 is a reference density of 1.20 kg/m3, corresponding 
to dry air at 101.3 kPa and 20oC.  Raindrops have high Reynolds numbers but are not 
perfectly spherical.  Consequently, though often a useful approximation, (8.6) 
describes the fall speed of raindrops reasonably well only over a limited range of size. 

 
 

TABLE 8.1. Therminal Fall Speed as a Function of Drop Size (equivalent 
spherical diameter) (From Gunn and Kinzer, 1949) 

 
Diam. (mm) Fallspeed (m/s) Diam. (mm) Fallspeed (m/s) 

0.1 0.27 2.6 7.57 
0.2 0.72 2.8 7.82 
0.3 1.17 3.0 8.06 
0.4 1.62 3.2 8.26 
0.5 2.06 3.4 8.44 
0.6 2.47 3.6 8.60 
0.7 2.87 3.8 8.72 
0.8 3.27 4.0 8.83 
0.9 3.67 4.2 8.92 
1.0 4.03 4.4 8.98 
1.2 4.64 4.6 9.03 
1.4 5.17 4.8 9.07 
1.6 5.65 5.0 9.09 
1.8 6.09 5.2 9.12 
2.0 6.49 5.4 9.14 
2.2 6.90 5.6 9.16 
2.4 7.27 5.8 9.17 

 
Accurate observational data on raindrop fall speed are those given by Gunn and 

Kinzer (1949), reproduced here in Table 8.1.  These data were obtained at sea-level 
conditions, 101.3 kPa and 20oC.  Owing to the reduced air density, a droplet of given 
size will tend to fall faster aloft than at sea level, approximately in accordance with 
the square-root law of (8.7).  Beard (1976) developed empirical formulas which fit 
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the data accurately and which can also be corrected for temperature and pressure.  At 
the surface, raindrops which have attained the largest possible size before breakup fall 
no faster than about 9 m/s.  Under typical conditions at 500 mb the upper limit is 
about 13 m/s.  Beard’s formulas apply to there separate ranges of diameter and are 
rather complicated. 

 
It can be determined from the data that (8.6) provides a reasonable 

approximation to the fall speed in the radius interval 0.6 mm < r < 2 mm, but with k2 

≈  2.01 × 103 cm1/2 s-1.  In the intermediate size range, between the Stokes’Law 
region and the square-root law, an approximate formula for fall speed is  

                 u = k3r,    40 μm < r < 0.6 mm               (8.8) 
with k3 = 8 × 103 s-1. 

 
 

(b) Collision efficiency 
 

A drop of radius R is pictured in Fig. 8.1 overtaking a droplet of radius r.  If the 
droplet had zero inertia it would be swept aside by the stream flow around the larger 
drop and a collision would not occur.  Whether a collision does in fact occur depends 
on the relative importance of the inertial and aerodynamic forces, and the separation x 
between drop centers, called the impact parameter. 

 

 
FIG. 8.1  Collision geometry. 

     
For given values of r and R there is a critical value x0 of the impact parameter within 
which a collision is certain to occur and outside of which the droplet will be deflected 
out of the path of the drop.  Results are presented in the form of collision efficiencies, 
defined by  

                           2

2
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So defined, the collision efficiency is equal to the fraction of those droplets with 
radius r in the path swept out by the collector drop that actually collide with it.  
Alternatively, E may be interpreted as the probability that a collision will occur with a 
droplet located at random in the swept volume. 
   

Figure 8.2 presents collision efficiencies for small collector drops as obtained 
from three sets of theoretical calculations.  The efficiencies are plotted against the 
ratio r/R of drop radii for different sizes of the collector drop.  Manton (1974) has 
shown by dimensional arguments that the only important parameters affecting the 
collision of water drops in air are r/R and gR3/v2, where g is gravity and ν is the 
kinematic viscosity. 
 

The calculations by Schlamp et al. (1976) and Lin and Lee (1975) are based on 
the superposition method, which assumes that each drop moves in a flow field 
generated by the other drop moving in isolation.  This procedure was first suggested 
by Irving Langmuir, a versatile industrial researcher who won the Nobel Prize in 
Chemistry in 1932 for work on surface kinetics, and who in later years turned his 
interest to problems in atmospheric physics.  It is the only accurate method available 
when the Reynolds number exceeds unity.  In the calculation of Klett and Davis 
(1973) the complete equation governing the flow around the two drops is used but the 
inertial force is only approximated. 
     

For any size of collector drop, the collision efficiency is small for small values of 
r/R.  The collected droplets are then small, have little inertia, and are easily deflected 
by the flow around the collector drop.  The inertia of the droplets increases with r/R, 
accounting for an increase in collision efficiency up to a radius ratio of about 0.6.  
Two counteracting effects come into play as r/R increases beyond this value.  
Because the difference in the size of the drops is getting smaller, the relative velocity 
between the drops is reduced, prolonging the time of interaction.  The flow fields 
interact strongly, and the time can be sufficient for the droplet to be deflected around 
the drop without collision.   
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 FIG. 8.2.  Computed collision efficiencies for pairs of drops as a function of the ratio of their radii. 

Curves are labeled according to the radius R of the larger drop. 

 
On the other hand, there is a possibility for a trailing droplet to be attracted into 

the wake of a drop falling close by at nearly the same speed.  This effect can lead to 
“wake capture” and to collision efficiencies that exceed unity for values of r/R 1.  
The theoretical prediction that E can exceed 1.0 for radius ratios near unity is 
supported by laboratory experiments.  However, owing to the large number of 
integration steps required in the computation of collisions between drops of nearly 
equal size, the calculations of collision efficiency by wake capture are of doubtful 
accuracy. 

≈

 
These results for relatively small collector drops, as well as the best available data 

for larger collector drops, are summarized in Table 8.2.  The entries in this table were 
used to prepare Fig. 8.3, the field of collision efficiency as a function of R and r.  
The figure shows that E is generally an increasing function of R and r, but for R 
greater than about 100 μm E depends largely on r.  
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TABLE 8.2. Collision Efficiency E for Drops of Radius R Colliding with Droplets of 
Radius r. (Data for R < 50 μm adapted from Klett and Davis, 1973; for 50 μm ≦ R
≦ 500 μm form Beard and Ochs, 1984; for R > 500 μm from Mason, 1971) 

 
r(μm) 

R (μm) 2 3 4 6 8 10 15 20 25 
10 0.017 0.027 0.037 0.052 0.052     
20 * 0.016 0.027 0.060 0.12 0.17 0.17   
30 * * 0.020 0.13 0.28 0.37 0.54 0.55 0.47 
40 * * 0.020 0.23 0.40 0.55 0.70 0.75 0.75 
50 － － 0.030 0.30 0.40 0.58 0.73 0.75 0.79 
60 － 0.010 0.13 0.38 0.57 0.68 0.80 0.86 0.91 
80 － 0.085 0.23 0.52 0.68 0.76 0.86 0.92 0.95 
100 － 0.14 0.32 0.60 0.73 0.81 0.90 0.94 0.96 
150 0.025 0.25 0.43 0.66 0.78 0.83 0.92 0.95 0.96 
200 0.039 0.30 0.46 0.69 0.81 0.87 0.93 0.95 0.96 
300 0.095 0.33 0.51 0.72 0.82 0.87 0.93 0.96 0.97 
400 0.098 0.36 0.51 0.73 0.83 0.88 0.93 0.96 0.97 
500 0.10 0.36 0.52 0.74 0.83 0.88 0.93 0.96 0.97 
600 0.17 0.40 0.54 0.72 0.83 0.88 0.94 0.98 † 
1000 0.15 0.37 0.52 0.74 0.82 0.88 0.94 0.98 † 
1400 0.11 0.34 0.49 0.71 0.83 0.88 0.94 0.95 † 
1800 0.08 0.29 0.45 0.68 0.80 0.86 0.96 0.94 † 
2400 0.04 0.22 0.39 0.62 0.75 0.83 0.92 0.96 † 
3000 0.02 0.16 0.33 0.55 0.71 0.81 0.90 0.94 † 

－ Collision efficiency less than 0.01. 
*  Value cannot be determined accurately from available data. 
†  Value close to one. 
 
    Some of the papers on collision efficiency refer to a quantity called the linear 
collision efficiency, defined by 
                               yc = x0/R.                         (8.10) 
From (8.9) and (8.10), 

                             E = /(1 + p)2
cy 2,                     (8.11) 

where p = r/R.  Alternatively the efficiency is sometimes defined by  

                               . 22
0 / RxE =′
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Since E ′= E(1 + p)2, it is clear that E ′can take on values greater than unity. 
 

 
 

FIG. 8.3.  Field of E(R, r) based on data in Table 8.2. 
 
(c)  Growth equations 

 
Suppose a drop of radius R is falling at terminal speed through a population of 

smaller droplets.  During unit time it sweeps out droplets of radius r from a volume 
given by 

                      )]()([)( 2 ruRurR −+π
 

where u denotes terminal fall speed.  Thus the average number of droplets with radii 
between r and r + dr collected in unit time is given by 

                               
                       n(r)E(R, r)dr )]()([)( 2 ruRurR −+π
       

where E(R, r) denotes the collection efficiency, which equals the product of collision 
efficiency and coalescence efficiency.  When the drops are all smaller than about 100 
μm it is usually assumed that the coalescence efficiency is unity, so that the collection 
efficiency is identical to the collision efficiency. 

       
The total rate of increase in volume of the collector drop is obtained by 
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integrating over all droplet sizes: 
 

              ∫ −+=
R

drruRurnrRErrR
dt
dV

0
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3
4)( ππ ,         (8.12) 

       
  In terms of drop radius 
 

               ∫ −
+

=
R
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    The change of drop size with altitude may be obtained from  
 

                        
)(

1
RuUdt

dR
dz
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dt
dR

dz
dR

−
== .                  (8.14) 

 
(8.13) is general because it allows for the sizes and fall speeds of the collected 
droplets.  If these droplets are much smaller than the collector drop, then an 
approximation to (8.13) follows by setting u(r)≈0 and R + r ≈  R. Thus 

                          

                                )(
4

RuME
dt
dR

Lρ
= ,                    (8.15) 

 
where is E  is an effective average value of collection efficiency for the droplet 
population and M is the cloud liquid water content in units of mass per unit volume. 
From (8.14), the change of radius with altitude is then given approximately by 

 

                              
)(

)(
4 RuU

RuME
dz
dR

L −
=

ρ
.                  (8.16) 

 
     If the updraft is negligibly small, then 
 

                               
L

ME
dz
dR

ρ4
−= . 

 
These equations describe drop growth as a continuous collection process, regarding 
the cloud as a continuum.  Growth actually occurs by the discrete events of droplet 
capture. The difference can be significant, as will be explained later. 
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The Bowen model 
 
   The early radar pioneer E. G. Bowen, in an influential paper of 1950, used (8.16) 
in an assessment of rain development in warm clouds. He assumed that a cloud of 
uniformly-sized droplets was ascending with a constant updraft and growing by 
condensation.  In addition, he considered that a drop with twice the mass of the 
others was present as a result of the chance coalescence of two of the droplets.  This 
drop is carried upward with the droplets and allowed to grow by condensation and 
coalescence, using the Langmuir collision efficiencies and appropriate 
approximations for the terminal fall speed in (8.16).  An example of his results is 
shown in Fig. 8.4. 
 

 

FIG. 8.4.  Bowen’s calculated trajectories of (a) the air, (b) cloud droplets, initially 10 μm in radius, 

and (c) drops which have initially twice the mass of the cloud droplets. Updraft speed 1 m/sec, cloud 

water content M = 1 g/m3. (From Fletcher, 1962.) 

 
Growth by coalescence is slow at first and only of the same order of magnitude 

as that by condensation.  However, u and E increase rapidly with drop size and 
coalescence quickly outpaces condensation.  When it has grown to a size that will 
just be balanced by the updraft, the drop reaches the top of its trajectory.  On further 
growth it begins to descend, growing more on its downward passage, finally emerging 
as a raindrop from the base of the cloud. 

 
Important parameters in the Bowen model are the updraft velocity and the cloud 
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water content.  With increasing updraft velocity, the drop ascends to a higher level 
before beginning its descent, and emerges from cloud base with a larger size.  For a 
given updraft velocity, drops grow larger but have a lower trajectory as the cloud 
water content is increased. 

 
To illustrate the effect of the updraft, Figs. 8.5 and 8.6 have been prepared using 

more recent data on collection efficiency.  As in Bowen’s calculations, r = 10 μm 
and M = 1 g/m3, but to insure some growth of the collector drop its initial radius was 
set at 20 μm.  Figure 8.5 shows the trajectories for updrafts of 0.5 and 1 m/s; Fig. 8.6 
shows the drop diameter as a function of height.  Droplet growth by condensation 
was neglected. 

 

FIG. 8.5.  Drop trajectories calculated for the collision efficiencies of Table 8.2 and Fig. 8.3, assuming 

a coalescence efficiency of unity. Initial drop radius 20 μm. Cloud water content 1 g/m3; all cloud 

droplets of 10 μm radius. 
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FIG. 8.6.  Drop diameters for the trajectories of Fig. 8.5. 

 

Calculations of this sort establish associations among updraft, cloud height, time 
for rain production, and the size of drops produced, that are in qualitative accord with 
observations.  The most serious discrepancy between model predictions and 
observations lies in the time requirement.  While calculations indicate that about an 
hour is required to produce millimeter-sized drops, observations show that such drops 
can be formed in less than half this time.  Much of the subsequent work on rain 
development has been directed to the question of how the growth time can be 
reduced. 
 
 

Statistical growth: the Telford model 
 
   Even in a well-mixed cloud with the same average droplet concentration 
throughout, there will be local variations in concentration.  In particular, if n  
denotes the average concentration of droplets in a given size interval, then the number 
m of such droplets in a volume in a volume V obeys the Poisson probability law, 
                            

                            
!
)()(

m
Vnemp

m
Vn−=                     (8.17) 

 
The growth equations in section (c) [Equation (8.12)-(8.16)] do not take into account 
the statistical fluctuations and therefore apply only to average droplet growth. 
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   It is not the average growth that figures into the development of rain, however. 
Some statistically “fortunate” drops fall through regions of locally high droplet 
concentration, experiencing more than the average number of collisions early in their 
development, and are subsequently in a favored position to continue to grow 
relatively rapidly. (See Fig. 8.7.) Rain is produced when only one such drop out of 103 
or 106 gets an initial head start on its neighbors and then grows to raindrop size by 
gravitational coalescence.  The time required for this to occur may be considerably 
shorter than the time required for an average droplet to reach raindrop size.  The 
growth equations of section (c) view the coalescence process as being smooth and 
continuous: for any increment of time tΔ , no matter how small, (8.15) for example 
can be used to solve for the increase in drop radius.  In fact the drop grows not by a 
continuous process but by discrete collision and capture events. 
 
   Telford (1955) recognized these shortcomings of the “continuous-growth” 
equations and formulated a coalescence model taking into account the discrete nature 
of the growth process and the statistical fluctuations of droplet concentration.  He 
assumed that the collected droplets were all the same size (10 μm radius in the most 
relevant case considered) and that the collector drops have twice the volume (12.6 μm 
radius).  From the results Telford concluded that the statistical-discrete capture 
process is crucial in the early stages of rain formation.  From the initial bimodal 
drop-size distribution, reasonable raindrop spectra evolved over periods of a few tens 
of minutes.  Moreover, in one fairly representative case, he found that 100 of the 
12.6 μm drops per cubic meter would experience their first 10 coalescences after a 
time of only about 5 min.  Compared to this, the time required for 100 drops/m3 to 
undergo 10 collisions under the same conditions but assuming continuous growth 
would be 33 min.  
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FIG. 8.7.  Schematic illustration of droplet growth by discrete captures, including statistical variability. 

Shown are four realizations of the growth of a drop by collection of smaller, equal-sized droplets. The 

average growth for many such realizations is indicated by the dashed line. 

 
   In his analysis, Telford derived first the probability distribution of the time 
required for the collector drops to experience a given number of collisions.  
Examples of such distributions are sketched schematically in Fig. 8.8.  Here Mdt 
represents the proportion of drops that experience n captures (n = 20, 30 in this 
illustration) in the time between t and t + dt.  The most likely times required for n 
captures correspond to the peak values of the distributions and are indicated by t20 and 
t30 in this example.  The most likely time for a given number of collisions is very 
nearly equal to the time predicted by the continuous-growth equations.  The 
distributions are slightly skewed, however, with the result that the average time for n 
collisions exceeds somewhat the time for continuous growth to the same size.  The 
drops that grow faster than the average and can account for the relatively rapid 
development of rain are those in the left-hand tails of the distributions.  Telford 
found that after about 20 collisions the shapes of these distributions remained 
unchanged; they only shifted out along the time axis with the position of the 
maximum predictable by continuous-growth theory.  He concluded from this 
behavior that the statistical effects were important only for about the first 20 collisions, 
by which time the distribution was established and after which the continuous-growth 
equations could be applied. 
 

 
 

FIG. 8.8  Distribution curves of time required for 20 and 30 collisions of a collector drop (schematic). 

 
   Because reliable information on the collision efficiencies of small drops was not 
available at the time, Telford assumed E = 1 in his calculations.  This assumption 
made it possible to solve the equations analytically, but it is now known to be greatly 
in error for the small drop sizes considered.  Using basically the same approach as 
Telford, Robertson (1974) estimated the importance of statistical effects in 
coalescence growth, employing accurate data on collision efficiency.  Owing to the 
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complex form of E(R, r) (see Fig. 8.3) analytical solutions are not possible and 
Robertson used a Monte Carlo procedure to simulate the collisions of a collector drop.   
Like Telford, Robertson found that the time distributions approach a limiting form as 
the number of collisions increases.  Several simulations were carried out, with cloud 
droplet sizes r ranging between 8 and 14 μm in radius, and collector drops with initial 
sizes R(0) ranging from 20 to 40 μm.  An example of Robertson’s results is shown in 
Fig. 8.9. 
 
   As n increases, the standard deviations increase and approach a limiting value. 
From Fig. 8.9 and results for the other cloud droplet sizes, it was found that the 
limiting value is achieved after a sufficient number of collisions of the collector drop: 
approximately 6 for R(0) = 20 μm, 40 for R(0) = 30 μm, and 100 for R(0) = 40 μm. 
The limiting values of σ decrease with increasing R(0), and are negligibly small for 
drops greater than 40 μm in radius, implying that the continuous growth equations 
may be used.  For R(0) less than 20 μm, the collision efficiencies are too small to 
allow development of drizzle drops in times less than several hours, even though the 
statistical deviations from average drop behavior are large. 
 

 
FIG. 8.9.  The standard deviation σ of time required to make n captures, for r = 10 μm and R(0) = 20, 

30, and 40 μm. Cloud liquid water content M = 1 g/m3. (From Robertson, 1974.) 
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Statistical growth: the stochastic coalescence equation 
 
   In the analyses of Bowen, Telford, and Robertson droplet growth starts with a 
population consisting of distinct collected droplets and collector drops.  What must 
happen in nature is that a continuous spectrum of droplet sizes, formed by the 
condensation-diffusion process, evolves by random collisions (at first very rare) and 
thereby extends itself in the direction of increasing drop size.  To be understood, the 
rain forming process must therefore be viewed as the evolution of an entire droplet 
spectrum rather than as the growth of a subset of drops, assumed to be the “collectors” 
from the start. 
 

To derive the differential equation describing the development in time of the 
droplet spectrum, we begin by defining the coagulation coefficient that describes the 
likelihood that a drop of radius R will overtake and collide with a droplet of radius r. 
Suppose these two drops are contained in a unit volume of air.  In a unit time, the 
larger drop sweeps out a volume given by πR2u(R) and the droplet sweeps out volume 
πr2u(r).  If the drop is to capture the droplet in unit time, neglecting aerodynamic 
effects, we see that they cannot be far apart initially and that, in fact, they must be 
contained in a common volume given by π(R + r)2[u(R) – u(r)].  Allowing for 
aerodynamic effects reduces the size of this common volume to  
                         

K(R, r) = π(R + r)2︳u(R) -u(r)︱E(R , r),           (8.18) 
 
where E(R , r) is the collision efficiency.  The quantity K(R, r) is called the 
coagulation coefficient.  The continuous growth equations (8.12) and (8.13) could 
have been formulated in terms of K.  In the stochastic equations this coefficient is 
interpreted as the probability that a drop of radius R collects a droplet of radius r in 
unit time, given that both are present with unit concentration.  
 
   While it is natural to define the coagulation coefficient in terms of drop radii, the 
stochastic equations turn out to be simpler in appearance if it is transformed to a 
function of drop volumes.  Letting V and v denote the volumes corresponding to 
radii R and r, we have for the coagulation coefficient  
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Thus H(V, v) describes the probability that a drop of volume V will collect a droplet of 
volume v. 
 
   Now we suppose that the drop spectrum is characterized by n(v) such that n(v)dv 
is the average number of drops per unit volume of space whose volumes are between 
v and v + dv.  The total number of coalescences per unit time experienced by drops 
within this size interval is  

                         . ∫
∞

0
)(),()( dVVnvVHdvvn

This integration accounts for all possible captures of the drops in dv by larger drops (v 
< V < ∞), as well as all captures of smaller droplets by the drops in dv (0 < V ≦v). 
These coalescence events reduce the number of drops in dv.  But the number of 
drops in this size interval is increased by coalescences between all pairs of smaller 
drops whose volumes sum to v.  This rate of increase is given by 

                          duunnuHdv
v
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δδ∫ , 

where δ = v – u. The 
2
1 factor is necessary to prevent any particular capture 

combination from being counted twice. 
 

Taking into account both effects, we have for the rate of change of drop 
concentration in the size interval dv 
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(8.20) 
 
Variously called the kinetic equation, coagulation equation, or stochastic coalescence 
equation, this result dates back to Smoluchowski in 1916 according to Drake (1972a) 
in a comprehensive review.  It was first employed in the analysis of rain formation 
by Melzak and Hitschfeld (1953).  Although the formulation of the problem was 
correct, this early work was impaired for two reasons: the collision efficiencies for 
small drops, on which the results crucially depend, were not accurately known; 
moreover, since a high speed computer was not available, the integrations had to be 
done by hand. 
 
   It was a surprisingly long time after computers became generally available that 
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this approach was again undertaken—in this instance by Twomey (1964, 1966). 
Twomey, motivated by Telford’s work described above, apparently rederived the 
stochastic equation, claiming that this approach embodied, in a more general form, the 
idea of the statistically “fortunate” drops.  It was argued from the first (Warshaw, 
1967) that this interpretation of (8.20) is incorrect, partly because the equation is 
based on the mean drop-size distribution n(v).  Controversy continued on whether 
the equation actually embodies the statistical effects ascribed to it.  Theoretical 
doubts were aggravated by the fact that early results on stochastic coalescence were 
often in disagreement, owing to numerical errors that arise in the numerical 
integration of (8.20).  By experimenting with different combinations of integration 
and interpolation schemes, Berry and Reinhardt (1974) established numerical 
procedures for integrating (8.20) which are very accurate, at least so long as the initial 
distribution is not too peaked.  On the theoretical side there have been contributions 
by Scott (1968, 1972), Long (1971), Drake (1972b), and Gillespie (1972, 1975). 
Although there remain some rather subtle unresolved points, it appears from 
Gillespie’s analysis that (8.20) does include that intended statistical effects. 
 
   The solution of (8.20) is n(v, t), the droplet spectrum at time t which evolves by 
coalescence from a given initial distribution n(v, 0).  Since in nature the growth is 
stochastic, it must be recognized that a given distribution n(v, 0) leads to an entire 
family of solutions n(v, t), one for each “realization” of the coalescence process.  The 
deterministic solution provided by (8.20) corresponds to the average value of n(v, t) 
over many such realizations.  Gillespie showed that, subject to reasonable 
assumptions, the statistical fluctuations about n(v, t) are Poisson-distributed with 
parameter n.  Consequently the statistical dispersion of n(v, t) diminishes as 1/ n . 
 
   To illustrate the results of integrating (8.20), we give several examples from the 
study of Berry and Reinhardt (1974a ,b).  They characterized the droplet spectrum 
by the density function f(x), where f(x)dx is the number of droplets per unit volume of 
air in size interval (x, x + dx), and x stands for droplet mass.  Mass and volume are 
related by x = ρLv, and the density functions f(x) and n(ν) are related by f(x)dx = n(ν) 
dν.  Berry and Reinhardt also considered the mass density function g(x), defined by 
g(x) = xf(x).  The droplet concentration N and liquid water content L are expressed as 
integrals over the density functions: 

                            ∫= dxxfN )(  

                            ∫= dxxgL )( .
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 The mean mass of droplet in this system of equations is given by  

                        . NLdxxfdxxxfx f /)(/)( == ∫∫
A droplet whose size equals the mean droplet mass has a radius given by  

                            3/131)4/3( fLf xr πρ= . 

The mean mass of the mass density function is defined by  

                   , ∫∫∫∫ == dxxxfdxxfxdxxgdxxxgxg )(/)()(/)( 2

and its equivalent radius is  

                            3/131)4/3( gLg xr πρ= . 

 

 
Fig. 8.10.  Example of the development of a droplet spectrum by stochastic coalescence. (From Berry 

and Reinhardt, 1974b.) 

 
Figure 8.10 shows the evolution of a droplet spectrum by coalescence, starting 

with f(x) in the form of a gamma distribution with rf = 12 μm, a liquid water content 
of 1 g/m3, and a concentration of 166 droplets per cm3.  The spread of the 
distribution is characterized by the relative variance, defined as var x = (xg/xf) – 1.  In 
this example, the initial value of the relative variance is equal to unity.  The function 
plotted is the log-increment mass density function gl(r), defined such that gl(r)d(lnr) 
equals the mass of cloud droplets per unit volume of air with radii in d(lnr).  This 
distribution emphasizes the large droplets, and is related to the fundamental density 
function by gl(r) = 3x2f(x).  The initial unimodal distribution is seen to evolve 
systematically by coalescence into a bimodal distribution.  The dashed lines indicate 
the development in time of rf and rg.  It is evident that the first mode follows rf 
closely, and the second mode is approximated by rg.  

 
To clarify the significance of different physical processes in broadening the 

distribution, Fig. 8.11 illustrates the growth of an initial distribution consisting of two 
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modes, a spectrum S1 centered at 10 μm with a water content of 0.8 g/m3 and a 
spectrum S2 centered at 20 μm with a water content of 0.2 g/m3.  Results of 
calculations are shown for four different assumptions: (a) collision between all droplet 
pairs is allowed; (b) collision is permitted only for droplets in S1; (c) collision can 
only take place between a drop in S2 and a droplet in S1; (d) collision is restricted to 
the drops in S2.  Berry and Reinhardt refer to processes (b), (c), and (d) as 
autoconversion, accretion, and large hydrometeor self-interaction. 

 
The results for case (a) are similar to those in Fig. 8.10.  The spectrum S1 is 

depleted and its mode does not increase much from the initial value.  The amount of 
water in S2 increases and mode of this distribution is closely approximated by rg.  In 
case (b), S2 gains only by the interaction of the droplets in S1, and the effect is small. 
The rate of transfer of water to S2 is more rapid in (c), showing that accretion is more 
efficient than autoconversion in transferring water form small to larger drops.  Case 
(d) shows that it is the interactions between large drops that account for a flattening of 
the tail of the distribution and its extension to larger sizes. 

 
These results demonstrate three basic modes of collection that operate to produce 

large drops.  Autoconversion serves to add water to S2 initially so that other modes 
can operate.  Its rate, however, is generally slower than the other processes. 
Accretion is the main mechanism for transferring water from S1 to S2.  S1 is depleted 
uniformly, maintaining its general shape and position, eventually losing almost all of 
its water to S2.  The third mode, large hydrometeor self-collection, produces large 
drops quickly.  It is responsible for the rapid increase of the predominant radius rg 
and the emerging shape of S2.  The rate of this process increases as water mass is 
added to S2 by accretion. 
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FIG. 8.11. Comparison of the evolution by coalescence of a drop spectrum, initially bimodal, by 

different collection processes. In each case the initial distribution consists of a spectrum of droplets S1 

centered at 10 μm radius and a spectrum S2 of drops centered at 20 μm. (a) All collisions accounted for. 

(b) Only collisions between droplets in S1 allowed. (c) Only collisions between a drop in S2 and a 

droplet in S1 allowed. (d) Only collisions between drops in S2 considered. (Adapted from Berry and 

Reinhardt, 1974a.) 
 

Condensation plus stochastic coalescence 
 
   East (1957) made calculations of droplet development by condensation and 
coalescence in moderate updrafts of several meters per second, finding that 
precipitation-size drops could be produced in realistically short periods of time.  The 
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stochastic coalescence equation was not actually used, the droplet population from the 
start being separated into collector drops and collected droplets.  Also the collision 
efficiencies were inaccurately known.  East’s main contribution was to explain how 
condensation, which causes the droplet spectrum to narrow, actually speeds up the 
coalescence process.  The spectrum narrows by condensation because small droplets 
grow (in radius) faster than large droplets.  As the small droplets grow, their collision 
efficiency relative to the large drops increases at a rapid rate (see Fig. 8.3), and 
coalescence is thus accelerated.  The relative velocity between large and small 
droplets, on which coalescence also depends, remains essentially unchanged in this 
narrowing process.  Considering any two droplets of different initial size, we see 
from the approximate equation (7.19) that the difference between the squares of the 
radii remains constant.  For droplet sizes less than about 40 μm the fall speed is 
given by Stokes’ Law and the relative velocity between the droplets is constant.  The 
net effect of condensation-narrowing is therefore to accelerate coalescence. 
 
   More exact calculations of droplet evolution by condensation and coalescence 
were carried out by Ryan (1974).  Condensation was modeled using (7.40) and 
assuming an updraft speed of 1 m/s.  The initial drop spectrum was a gamma 
distribution with a concentration of 200cm-3, a liquid water content of 1 g/m3, and a 
dispersion (ratio of standard deviation of radius to mean radius) of 0.2.  The collision 
efficiencies of Klett and Davis (1973) were used, and the temperature lapse rate was 
assumed to be moist adiabatic. 
 
   Figure 8.12 compares the cases with and without condensation.  Coalescence by 
itself is only able to produce drops smaller than 60 μm after an elapsed time of 1000 s.   
With condensation there is a tendency for the spectrum to become narrower over the 
size range below 25 μm.  However, the general shift of these droplets to larger sizes 
by condensation increases their collision efficiency and promotes more rapid growth 
by collection.  The creation of a significant number of drizzle-size drops by 1000 s 
clearly indicates the importance of condensation in accelerating coalescence. 
 
   Calculations similar to those of Ryan, but with fewer approximations, were 
reported by Ochs (1978).  Starting with an activity spectrum of condensation nuclei, 
he calculated the development of the droplet spectrum in an ascending air parcel by 
condensation and coalescence, specifically accounting for the supersaturation.  
Figure 8.13 is an example of the results, for conditions appropriate for a maritime 
cloud that forms on nuclei with an activity spectrum given by Nc(in cm-3) = 105 s0.63. 
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FIG. 8.12.  The effect of condensation on growth by coalescence. The same droplet spectrum evolves 

by coalescence, (a) without, and (b) with, an allowance for condensation. (Adapted from Ryan, 1974.) 

 

 
FIG. 8.13.  Time histories of supersaturation (%) and droplet concentration (cm-3) in a cloud formed 

on a maritime distribution of condensation nuclei. (Adapted from Ochs, 1978.) 

 

 
FIG. 8.14.  As Fig. 8.13, except for a continental distribution of condensation nuclei. (Adapted from 

Ochs, 1978.) 
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The supersaturation rises rapidly and nuclei are activated.  After the droplet 

concentration reaches a maximum the supersaturation falls to a steady value.  The 
droplets are then depleting the water vapor at the same rate it is produced by the 
updraft.  As the droplets grow, their collection efficiencies increase, setting the stage 
for coalescence.  Once it begins, coalescence proceeds rapidly, as indicated by the 
fast decline in the number of drops.  At the same time, the supersaturation increases 
sharply because the drops, now fewer in number, are no longer able to consume the 
excess vapor at the rate it is created.  The increasing supersaturation activates new 
condensation nuclei, at first causing an increase in drop number.  This is only a 
transient effect, however, because the newly-formed droplets are quickly consumed 
by coalescence.  Figure 8.14 is for a similar calculation for a continental cloud, with 
activity spectrum Nc = 1450 s0.84.  The onset of coalescence is signaled once again by 
the reduction in drop concentration, but in this cloud the numbers remain great 
enough to prevent a sudden rise in supersaturation and the activation of new nuclei.  
In his calculations, Ochs allowed for the collision-induced breakup of large drops. 
This effect is important in establishing the distribution of raindrops with size, and is 
described in Chapter 10. 
 
 
The effects of turbulence on collisions and coalescence 
 
   Some degree of turbulence is always present in clouds.  Intuitively, it might be 
expected that turbulent fluctuations would promote coalescence by increasing the 
chances of droplet collision.  
 
   Although it has proven to be very difficult to predict the effects of turbulence 
with certainty, two mechanisms are recognized by which turbulence may affect the 
collection process.  The first is based on the fact that drops of different sizes respond 
differently to a fluctuating velocity field.  For small droplets, the relaxation time in 
response to velocity fluctuations is approximately proportional to the square of the 
droplet radius (see problem 8.7).  The effect of turbulence on the collision process 
was modeled by de Almeida (1976, 1979), who calculated the collision efficiencies of 
drops including the inertial effects caused by their response to weak turbulence.  His 
calculations are based on a laborious procedure using Monte-Carlo type simulations. 
Applying these modified collision efficiencies to the evolution of cloud spectra, it is 
found that weak turbulent motions greatly accelerate the collection process.  
However, the validity of this finding has been questioned because the representation 
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of the turbulent energy spectrum used by de Almeida is inappropriate for the eddy 
dimensions that influence droplet interactions.  Also, the inertial resistance of 
droplets to turbulent accelerations was underestimated.  Panchev (1971) also 
modeled the effect of turbulent inertia.  He found that the turbulence-induced relative 
velocities between drops of different size were mall compared to the difference in 
their terminal fall speeds.  Gravitational coalescence seems thus to be more 
important than any coalescence induced by differential response to velocity 
fluctuations.  
 
   The second mechanism that can influence coalescence in a turbulent medium 
may be important for drops having the same size or different sizes.  This mechanism 
is related to the eddy structure of the turbulent velocity field.  At a given time, cloud 
drops can be contained in two spatially separated turbulent eddies.  Later, it might 
happen that these eddies overlap, causing collisions and coalescence of some of the 
drops.  Reuter et al. (1988) formulated a model that attempts to estimate the 
probability of drop collisions caused by overlapping eddies.  For given values of 
drop radii and turbulence intensity, the model estimates the probabilistic collection 
kernel.  The model is based on a set of stochastic differential equations that govern 
the relative motion of the drops.  The magnitude of the random perturbations is 
related to the coefficient of turbulent diffusion.  Results indicate that as the rate of 
diffusion increases, so does the magnitude of the collection kernel.  To determine the 
overall effect of turbulence on the evolution of a droplet spectrum, the collection 
equation (8.20) must be solved including the new probabilistic kernel.  Results of 
this approach suggest that the overlapping of turbulent eddies contributes to the 
collection process and that the importance of this effect increases with increasing 
intensity of turbulence, but that the influence on droplet growth rate is nevertheless 
small. 
 
   An important property of turbulence that has not yet been considered in 
calculations of droplet collisions is its intermittent character.  This intermittence 
manifests itself by abrupt inhomogenieties in the velocity field, with strong energy 
dissipation in some regions and very little in others.  Because the effects of 
turbulence on droplet collisions are likely to be highly nonlinear, a turbulence field 
consisting of a few patches of intense turbulence surrounded by regions of weak 
turbulence may have a more significant influence on droplet growth than a field of 
homogeneous turbulence having the same average intensity. 
 
   In summary, it must be stated that the effect of turbulence on coalescence is not 
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well understood.  Preliminary results for a homogeneous turbulence field seem to 
indicate that the collection of droplets is promoted by the differential response to 
turbulence and by the overlapping of turbulent eddies.  Further work is needed to 
substantiate these findings and to quantify the relationships between the collection 
kernel and the turbulence intensity.  Also, the effects of intermittent turbulence must 
be investigated before final conclusions can be drawn. 
 
 
Concluding remarks 
 
   Observations show that rain can develop in warm clouds of the cumulus type in 
times as short as about 15 min after the cloud begins to form. It is generally agreed 
that the process responsible for this development must be gravitational coalescence 
among the droplets, so that the droplet populations most likely to produce rain in a 
short time are those with broad enough spectra to have a high rate of collisions.  A 
serious impediment to coalescence growth is the fact that collection efficiencies 
between small droplets are extremely small.  Moreover, the condensation-diffusion 
process, which dominates droplet growth initially, leads to a narrowing of the 
spectrum, seemingly complicating the coalescence problem.  The theoretical task is 
therefore to explain raindrop development in reasonable times in spite of the small 
collection efficiencies and the approximate parabolic form of the diffusional growth 
law. 
 
   It is now recognized that statistical effects are crucial in the early stages of 
coalescence, so that the stochastic equation should be used to describe this process.   
Even so, coalescence alone is not sufficient to account for rain development in 
reasonably short times, starting with realistic droplet spectra.  Several mechanisms 
have been postulated for broadening the spectrum, thus paving the way for rapid 
coalescence.  There is no agreement on which of these is the most important, 
although each may be effective under certain conditions.  Rather than spectral 
broadening, it has been shown that the additional effect which can account for rain 
development, at least in some conditions, is continued condensation growth.  This 
seems strange at first since condensation-diffusion, even with the kinetic corrections, 
leads to a narrowing of the droplet spectrum.  Though the spectrum narrows the rate 
of coalescences increases because the collision efficiency increases rapidly as the 
droplets in the spectrum grow.  Definitive calculations have not yet been made which 
account for rain development under various conditions of updraft speed, temperature, 
initial droplet spectrum, and entrainment mixing.  Results from simple models are 
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encouraging, however, indicating that theory may be on the verge of explaining the 
observations. 
 
 
Problems 
 
8.1.  On a particular day the orographic cloud on the island of Hawaii is 2 km thick 

with a uniform liquid water content of 0.5 g/m3. A drop of 0.1 mm radius at 
cloud top begins to fall through the cloud. 

(a) Find the size of the drop as it emerges from cloud base, neglecting vertical air 
motions in the cloud. In this and subsequent parts of the problem, neglect 
growth by condensation, use the elementary form of the continuous-growth 
equation, and assume a collection efficiency of unity. 

(b) Assuming that the terminal velocity of the drop is equal to k3r, where k3 = 8 × 
103 s-1, find the time taken by the drop to fall through the cloud. 

(c) Hawaiian orographic clouds are actually maintained by gentle upslope 
motions, which cause a steady, weak updraft. Solve for the size of the drop in 
part (a) as it emerges from the cloud if there is a uniform updraft of 20 cm/s. 

 
8.2   To allow for ventilation effects, the diffusional growth equation is sometimes 

approximated by  

                           )Re3.01()1( 2/1
1 +−= ξS

dt
drr , 

      where ξ1 = [Fk + Fd]-1 and Re is the Reynolds number characterizing the flow 
around the drop of radius r. Assess the importance of ventilation by comparing 
the time required for a drop to evaporate completely using (1) the approximation 
including the ventilation factor and (2) the same equation neglecting this factor. 
Make the comparison for drops with initial radii of 1 mm, 0.5 mm, and 0.1 mm. 
For environmental conditions assume T = 10oC , p = 80 kPa, and a relative 
humidity of 50%. Approximate the drop fall velocity by the linear law of 
problem 8.1. 

 
8.3.  Neglecting ventilation effects, calculate the distance a drop of 0.1 mm radius 

falls while evaporating completely under the conditions of problem 8.2. 
Compare the solution based on the linear fall speed approximation with a 
solution using the data of Gunn and Kinzer (Table 8.1). 

 
8.4.  A drop of 0.2 mm diameter is inserted in the base of a cumulus cloud that has a 
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uniform liquid water content of 1.5 g/m3 and a constant updraft of 4 m/s.  
Using the elementary form of the continuous-growth equation and neglecting 
growth by condensation, determine the following: 
(a) the size of the drop at the top of its trajectory; 
(b) the size of the drop as it leaves the cloud; 
(c) the time the drop resides in the cloud. 

   
Assume a collection efficiency of unity, and for the dependence of fall velocity 
on size use the data in Table 8.1. (Note: Parts (a) and (b) of this problem are well 
suited for graphical solution.) 

 
8.5.  One member of a population of cloud droplets, all 10 μm in radius, grows by 

condensation and coalescence. Assume a cloud water content of 1 g/m3 and a 
supersaturation of 0.2 %, and solve for the time it takes for the drop to reach 
20, 30, and 40 μm radius. For simplicity, assume that the droplets remain 10 
μm in size. Use the continuous-growth equation for coalescence, allowing for 
the size and fall speed of the droplets. For the fall speed use Stokes’ Law. 
Allow for the collection efficiency of the drop relative to the droplets using the 
data in Table 8.2, and assuming a coalescence efficiency of unity. This 
problem should be solved graphically. 

 
8.6.   A small drizzle drop is swept upwards in a cumulus congestus cloud and 

grows by accretion and condensation in the supersaturated environment. The 
condensation parameter ξ may be regarded as constant and the linear fall speed 
law of problem 8.1 approximates the relative velocity between the growing 
drop and the cloud droplets. Develop and solve the differential equation that 
describes the growth of the drop by accretion and condensation acting 
simultaneously. Compare the result with the approximation obtained by adding 
the solutions for growth by accretion and by condensation acting separately. 

 
8.7.   Prove that cloud droplets move very quickly in response to changes in the 

ambient air velocity, by solving for the effective time constant characterizing 
the response. Determine the relationship between this time constant and the 
droplet terminal fall velocity. 
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