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Droplet growth by Condensation 
 
Diffusional growth of a droplet 
 

It was shown in Chapter 6 that a critical size r* and saturation ratio S* must be 
exceeded for a small solution droplet to become a cloud droplet. Before and after the 
droplet reaches the critical size, it grows by diffusion of water molecules from the 
vapor onto its surface. The rate of diffusional growth of a single droplet is analyzed in 
this section.  Later we shall consider the more realistic situation of many droplets 
simultaneously growing and competing for the available moisture. 
 

The droplet has radius r and is located in a vapor field with the concentration of 
vapor molecules at a distance R from the droplet center denoted by n(R).  The vapor 
field could as well be described in terms of the vapor density or absolute humidity 
ρv(R), where ρv = nm0 and m0 denotes the mass of one water molecule.  Isotropy is 
assumed so that n(R) or ρv(R) does not depend on the direction outwards from the 
droplet.  At any point in the vapor field the concentration of molecules is assumed to 
satisfy the diffusion equation 
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where D is the molecular diffusion coefficient.  Furthermore, steady-state or 
“stationary” conditions are assumed, so that tn ∂∂ / = 0. then (7.1) becomes 
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with the general solution  
                            n(R) = C1 – C2/R.                       (7.3) 
Boundary conditions are as follows: 
    as R→∞, n→n∞, the “ambient” or undisturbed value of vapor concentration; 
    as R→r, n→nr, the vapor concentration at the droplet’s surface. 
The solution satisfying these conditions is  

                       )()( rnn
R
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The flux of molecules onto the surface of the droplet is equal to . 

Consequently the rate of mass increase is given by  
rRRnD =∂∂ )/(
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Combining (7.4) and (7.5) gives 
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In terms of the vapor density, this result may be written  

                         )(4 rrD
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νν ρρπ −= ,                     (7.7) 

where ρv is the ambient vapor density and ρvr is the vapor density at the droplet’s 
surface. 
 

This is the diffusional growth equation for an isolated droplet at rest in a vapor 
field. It shows that the droplet grows if ρv > ρvr and evaporates if ρv < ρvr.  Ordinarily, 
ρv maybe determined from given environmental conditions.  ρvr depends on the 
droplet size, chemical composition, and temperature.  The temperature is usually not 
the same as the ambient temperature, and must be determined by considering the heat 
transfer between the droplet and its surroundings.  
 

Associated with condensation is the release of latent heat, which tends to raise 
the droplet temperature above the ambient value.  The diffusion of heat away from 
the droplet is given by an equation analogous to (7.7): 

                         )(4 TTrK
dt
dQ

r −= π                        (7.8) 

where T is ambient temperature, Tr is the temperature at the surface of the droplet, and 
K is the coefficient of thermal conductivity of air. 
 

Equations (7.7) and (7.8) were first derived by James Clerk Maxwell in 1877, in 
slightly different form, in an article in Encyclopaedia Britannica on the theory of the 
wet-bulb thermometer (Maxwell, 1890).  The theory of the steady-state growth of 
a spherical drop at rest in a vapor field regarded as a continuum is therefore often 
called the Maxwell theory. 
 

From (7.7) and (7.8), the rate of change of temperature at the droplet’s surface is 
given by 
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where ρL is the density of water and c is its specific heat capacity.  For the assumed 
steady-state growth process, dTr/dt = 0, so that (7.9), when set equal to zero, leads to a 
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balance condition that must be satisfied by the temperature and vapor density fields, 

                           
LD
K

TTr

vrv =
−
− ρρ .                        (7.10) 

In this equation the ambient conditions are described by ρv and T, and the ratio K/LD 
depends weakly on temperature and pressure.  Ordinarily the drop temperature Tr 
and the vapor density at its surface ρvr are unknown.  From (6.6) and the equation of 
state for water vapor, these quantities are related by  

               rvrsrvsvr TRTe
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where es(Tr) is the equilibrium vapor pressure over a plane water surface at 
temperature Tr, and is given by the Clausius-Clapeyron equation.  Equations (7.10) 
and (7.11) comprise a simultaneous system which can be solved numerically for Tr 
and ρvr to permit evaluation of the rate of drop growth by condensation. 
 

As an alternative to the numerical method of solution, Mason (1971) introduced 
a useful analytical approximation for calculating the rate of growth of a drop by 
condensation.  In a field of saturated vapor, changes in vapor density are related to 
changes in temperature by 
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Integrating this equation from temperature Tr to temperature T, and assuming T/Tr≈1, 
gives 
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where the subscripts s indicate saturation vapor densities. Because ρvs/ρvrs is close to 
unity, (7.13) leads to the approximate relation 
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where the approximation has also been employed that TTr ≈T2.  Substituting from 
(7.8) for  gives )( rTT −
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From (7.7) 
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Subtracting (7.15) and (7.16), and assuming that ρvr = ρvrs, leads eventually to the 
approximate result 
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where S = e/es (T) is the ambient saturation ratio.  This form of the approximation 
neglects the solution and curvature effects on the drop’s equilibrium vapor pressure. 
When these effects are included, the approximation becomes 
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Here as in (7.17) Fk represents the thermodynamic term in the denominator that is 
associated with heat conduction; Fd is the term associated with vapor diffusion.  In 
the term represented by Fk, it may be shown that L/RvT >> 1. As a close 
approximation, this term is sometimes written without the –1, which serves only as a 
small correction factor. 
 

For typical values of a and b, it has been found that the droplet growth predicted 
by (7.18) is an excellent approximation to that obtained by simultaneous solution of 
(7.10) and (7.11). 
 

TABLE 7.1. Values of Dynamic Viscosity μ and Coefficient of 
Thermal Conductivity K of Air, and coefficient of Diffusion D 

of Water Vapor in Air. (From Houghton, 1985) 
 

T(oC) μ(kg m –1 s-1) K(J m –1 s-1K-1) D(m2s-1) 
-40 1.512×10-5 2.07×10-5 1.62×10-5

-30 1.564×10-5 2.16×10-5 1.76×10-5

-20 1.616×10-5 2.24×10-5 1.91×10-5

-10 1.667×10-5 2.32×10-5 2.06×10-5

0 1.717×10-5 2.40×10-5 2.21×10-5

10 1.766×10-5 2.48×10-5 2.36×10-5

20 1.815×10-5 2.55×10-5 2.52×10-5

30 1.862×10-5 2.63×10-5 2.69×10-5

 
Note: The tabulated values of D are for a pressure of 100 kPa.  Because D is proportional to μ/ρ, it 

follows that D is inversely proportional to pressure for a given temperature.  To obtain D for an 

arbitary pressure p (kPa), the tabulated value must therefore be multiplied by (100/p). 

 

 7-4



The coefficients of diffusion and thermal conductivity vary with temperature and 
are tabulated in Table 7.1.  The latent heat L and equilibrium vapor pressure es also 
depend on temperature, and are tabulated in Table 2.1 of Chapter 2.  To a good 
approximation K is proportional to the dynamic viscosity μ of the air, which quantity 
is also included in the table.  D is proportional to the kinematic viscosity, which 
equals μ/ρ, with ρ the air density.  The dynamic viscosity depends only on 
temperature, and may be calculated form the approximate formula 

2
35 )

273
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T
T
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×= −μ                 

where T is in K and μ is in kg m –1 s-1. 
 

It is not possible to integrate the general equation (7.18) analytically.  Given the 
temperature, pressure, saturation ration, and mass and molecular weight of the 
condensation nucleus, the equation can only be solved numerically or graphically to 
determine the droplet size as a function of time.  Table 7.2 lists results for droplets 
growing on nuclei of sodium chloride at a supersaturation of 0.05%, p = 90 kPa, T = 
273 K.  A droplet that forms on a large condensation nucleus is seen to grow initially 
at a faster rate than droplets with small nuclei, but after a certain radius is reached (in 
this comparison, about 10 μm) the growth rates are about the same, regardless of 
nuclear mass.  When a droplet becomes sufficiently large, the a/r and b/r3 terms are 
negligible compared to (S–1) and (7.17) is a good approximation.  Then the droplet 
radius increases with time according to  

r(t) = tr ξ22
0 + ,                        (7.19)  

where      ]/[)1( dk FFS +−=ξ .                     (7.20) 
 

TABLE 7.2. Rate of Growth of Droplets by Condensation 
(initial radius 0.75 μm). (From Mason, 1971) 

Nuclear mass (g) 10-14 10-13 10-12

    Time (sec) to grow from  
Radius (μm)  initial radius 0.75 μm  

1 2.4 0.15 0.013 
2 130 7.0 0.61 
4 1,000 320 62 
10 2,700 1,800 870 
20 8,500 7,400 5,900 
30 17,500 16,00 14,500 
50 44,500 43,500 41,500 
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We may write )1( −= Sξ ξ1, whereξ1 is a normalized condensation growth 

parameter defined by  

                          ξ1 = 
dk FF +

1 . 

ξ1 is a function of temperature and pressure, and in the SI system has units of m2s-1.   
Because droplet size is usually measured in μm, it is more convenient to expressξ1 in 
μm2s-1.  Figure 7.1 shows the dependence of log10ξ1, expressed in these units, on 
temperature and pressure.  For example, at p = 80 kPa and T = 0oC, interpolation 
form the figure givesξ1 = 101.834 = 68.2 μm2s-1.  The dashed lines in this figure 
represent the temperature and pressure along pseudoadiabats corresponding to θw = 
0oC and 20oC.  These give an indication of the variation in the normalized growth 
parameter throughout the vertical extent of a cloud.  
   

The parabolic form of (7.19) leads to a narrowing of the drop-size distribution as 
growth proceeds.  For example, consider two droplets growing under the same 
conditions with initial radii of r1(0) and r2(0), with r2 > r1.  Then (7.19) shows that 
the difference between the squares of the radii remains constant, so that at any time t, 
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and the difference in radii becomes smaller as they grow. 
 

 
FIG. 7.1.  Dependence of the growth parameterξ1 = 1/[Fk + Fd] on temperature and pressure. 

Contours are plotted of the quantity log10ξ1, withξ1 expressed in units of μm2/s. Dashed lines 

represent pseudoadiabats corresponding to θw = 0oC and 20oC. 
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TABLE 7.3. Distance a Drop Falls before Evaporating, assuming 
Isothermal Atmosphere with T = 280oK, S = 0.8 

Initial radius Distance fallen 
1 μm 2μm  
3μm 0.17 mm  

10μm 2.1 cm  
30μm 1.69 m  

0.1 mm 208 m  
0.15 mm 1.05 km  

 
The rate of evaporation of a droplet is also described by (7.18); in this case S < 1 

and (dr/dt) < 0.  By knowing the dependence of droplet fall speed on size, it is 
possible through (7.18) to solve for the distance a drop falls during the time required 
for it to evaporate completely.  For drops smaller than about 50 μm in radius the 
terminal fall speed increases approximately with the square of the radius and the 
distance of fall for complete evaporation increases with the fourth power of radius.   
This approximation has been employed (and extended somewhat beyond its range of 
accuracy) to give the results in Table 7.3.  A rapid increase of distance fallen with 
radius is evident, leading to a reasonable basis of discriminating between cloud 
droplets and raindrops.  Raindrops are those large enough to reach the ground before 
evaporating.  Cloud droplets are those small enough to evaporate soon after leaving 
the cloud.  By convention the dividing line is drawn at r = 0.1 mm: drops larger than 
this size stand a good chance of reaching the ground and are called raindrops.  The 
drops whose radii are near 0.1 mm are referred to as drizzle drops. 
 
 

The growth of droplet populations 
 

In natural clouds the droplets interact with their environment and with each other 
in many ways that affect the droplet sizes and concentration.  Droplets grow by 
condensation if the environment has an excess of vapor over the equilibrium value, as 
would be produced by chilling in pseudoadiabatic ascent.  They evaporate if dry 
environmental air in sufficient amount is mixed with the cloudy air.  Sedimentation 
(gravitation settling) is important for the larger droplets and tends to remove them 
from the cloud.  Coagulation of droplets (coalescence) to form larger ones appears to 
be insignificant for droplets smaller than 10μm in radius, but becomes increasingly 
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important as they grow beyond this size.  A goal of cloud physics is to understand 
the processes that shape the droplet population. 
   

In the early development of a cloud the droplets are too small for sedimentation 
or coalescence to be important.  Condensation is the dominant growth process. 
Because the ambient saturation ratio controls this process, it is necessary to examine 
first the vapor budget of a developing cloud.  We shall assume that vapor is provided 
by saturated air that is cooled in ascent and that it is lost by condensation on the 
growing droplets.  The rate of change of the saturation ratio may be written 

                              CP
dt
dS

−= ,                       (7.21) 

where P denotes a production term and C a condensation term.  More specifically, 
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21 −= ,                     (7.22) 

 
where dz/dt is the vertical air velocity and dχ/dt is the rate of condensation, measured 
in units of mass of condensate per mass of air per unit time.  Q1 and Q2 are 
thermodynamic variables given by 
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Physically, Q1(dz/dt) is the increase of supersaturation due to cooling in adiabatic 
ascent; Q2(dχ/dt) is the decrease in supersaturation due to the condensation of vapor 
on droplets.  Q1 and Q2 are plotted in Fig. 7.2 as functions of temperature. 

 
FIG. 7.2.  The dependence of Q1 and Q2 on temperature. Q2 depends also on pressure and is shown for 

600 mb and 800 mb. 
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The derivation of (7.23) proceeds as follows.  Assuming ascent with no 
condensation, (7.22) becomes 
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dzQ
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1= .                        (7.25) 

But 
                              S = e/es , 
so 
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Introducing the mixing ratio w, and noting that w is constant under the assumption of 
no condensation, you can show that  
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From the Clausius-Clapeyron equation 
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Using (7.26) – (7.28) in (7.25) leads to the result (7.23) for Q1.  The derivation of 
(7.24) follows along similar lines. 
 

On the basis of (7.18) for the growth rate and (7.22) for the saturation ratio, it is 
possible to start with an assumed or measured distribution of condensation nuclei, 
specify an updraft velocity, and calculate the subsequent evolution of the droplet 
spectrum.  Results of such a calculation are shown in Fig. 7.3.  A weak updraft of 
15 cm/s is assumed, with a moderate concentration of condensation nuclei at cloud 
base.  The solid lines indicate the sizes of droplets growing on nuclei of sodium 
chloride having different masses, ranging from 3.7 ×10-18 to 9.3×10-18 g.  The dashed 
envelope bounding the termination of these curves indicates the altitude reached by 
the different droplets during the simulation.  The smaller ones move essentially with 
the air at 15 cm/s, but the larger ones fall relative to the air and do not rise to the same 
altitude.  The dot-dashed line shows the variation with altitude of the percent 
supersaturation. 
 

All droplets begin to grow as they ascend from cloud base. The supersaturation 
also increases, reaching a maximum of about 0.5% at an altitude slightly higher than 
10 m above cloud base. The droplets that formed on the two smallest sizes of nuclei 
grow initially but evaporate after the supersaturation passes its maximum.  This 
maximum is less than the critical supersaturation of either of the smallest nuclei, so 
that they remain as haze droplets and are not activated to become cloud drops.  

 7-9



Droplets in the larger categories are activated, and experience rapid growth during the 
period of high ambient supersaturation.  As they continue to grow their spread in 
size becomes narrower because of the approximate parabolic form of the growth 
equation. 

 

 
FIG. 7.3. Initial formation of cloud droplets and the variation of supersaturation above cloud base. 

(Adapted from Mordy, 1959.) 

 
Figure 7.4 shows results of similar calculations, starting with a population of 

sodium chloride nuclei whose activity spectrum is approximately of the form (6.20), 
with C≈650 cm-3 and k 0.7.  Results are given for two assumed constant updraft 
speeds, 0.5 and 2 m/s.  The most important cloud parameters are plotted as functions 
of altitude above the level where S = 1 is reached.  Notable are the sharp rise and 
gentle settling down of supersaturation, the rapid increase of droplet concentration to 
a steady value reached at the point of maximum supersaturation, and the relative 
narrowness of the droplet size distribution, as measured by the standard deviation.   
These and similar calculations show that the number of cloud droplets produced in an 
updraft depends on the updraft speed and the activity spectrum, and is generally 
consistent with Twomey’s equations (6.21) and (6.22).  Calculated droplet spectra, 
however, are often narrower and with fewer large droplets than observed droplet size 
distributions. 

≈

    

A significant feature of all calculations of this kind is that the supersaturation 
reaches its peak within about 100 m of cloud base, above which level it decreases and 
approaches an approximately constant value.  Because the supersaturation controls 
the number of condensation nuclei that are activated, the cloud droplet concentration 
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nuclei that are activated, the cloud droplet concentration is thus determined in the 
lowest cloud layer.  The supersaturation decreases to its steady value when a balance 
is reached between the rate of condensation on the droplets that have formed and the 
updraft-produced rate of increase of supersaturation. 

 

 

Fig. 7.4.  Early development of cloud properties in air ascending constant velocity of 0.5 m/s or 2 m/s. 

 
We may derive an estimate of the limiting, steady value of supersaturation, and 

the time required to reach this value, by constructing a simple model (see problem 
7.5).  We assume that the droplets are large enough for the solution and curvature 
terms in the growth equation to be neglected.  Then (7.19) and (7.20) describe 
growth by condensation.  Assume further that all droplets are of the same size, r, and 
that their concentration is ν0 per unit mass of air.  Then (7.22) becomes  
 
                             ds/dt = ω – ηs                        (7.29) 
 
where ω = 100Q1U and η = 4πρLv0rQ2/(Fk + Fd).  As a further approximation, we 
regard ω and η as constant, because they are slowly varying compared to s. The 
solution of (7.29) then shows that the limiting value of the supersaturation is ω / η and 
that the time constant or relaxation time of supersaturation is η-1.  For example, for T 
= 7oC, p = 80 kPa, r = 5 μm, U = 5 m/s, and a droplet concentration ρv0 = 300 cm-3, 
we find that the limiting supersaturation is approximately 0.5% and the time constant 
is 2 s.  
 

When the droplets are growing by condensation under conditions of steady 
supersaturation, it is possible to solve for the droplet size distribution function at any 
time, given its form at an earlier time.  Let us consider a sample of cloudy air in 
which the drop-size distribution is characterized by the function v0(r0)dr0 is the 
number of cloud droplets per unit mass of air with radii in the interval (r0, r0 + dr0). 
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(The number of droplets per unit mass is related to the number n(r) per unit volume of 
air by n(r) = ρv(r) where ρ is the air density.)  At a later time t the droplets will have 
grown by condensation and the distribution will have changed as indicated 
schematically in Fig. 7.5.  To obtain an expression for the variation of v(r, t) with 
time, we consider the rate at which the number of droplets in radius interval δr is 
changing.  We can think of the droplets as flowing through r space as they grow.  
Let I(r, t) denote the droplet current or number of droplets per unit time per unit mass 
of air passing the point r in radius space.  Then the rate of change of the number of 
droplets in δr is given by  

                          r
r
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Fig. 7.5.  Evolution of droplet spectrum by condensation (schematic). 

 
The droplet current is accounted for entirely by condensation in the conditions 
assumed here, so that  

                            I (r, t) = v
dt
dr .                          

Substituting this equation in (7.30) and dividing both sides by δr gives 
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as the equation describing the change in the droplet size distribution.  It is essentially 
the continuity equation for droplets.  For a steady supersaturation, the growth rate is 
given by the parabolic law dr/dt = ξ/r, where ξ = (S –1) / (Fk + Fd). It may then be 
confirmed by substitution that the solution of (7.31) is  

                     v(r, t) = )2(
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.               (7.32) 

This result expresses the distribution at any time t in terms of the initial distribution v0 
and the growth parameter ξ. 
 

Equation 7.31 is a special case of what is called by Friedlander (1977) the 
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general dynamic equation, which describes the evolution of a particle size distribution 
by many processes, of which condensation is only one. The solution (7.32) can 
actually be obtained without recourse to the differential equation (7.31) that defines 
the process.  Because growth by condensation is the only process considered, no 
drops are created by nucleation or lost by precipitation, coagulation, or diffusion out 
of the cloud.  In Fig. 7.5, the number of droplets in the interval dr at time t is 
therefore the same as the number in the interval dr0 at the initial time. That is,  
                             v (r, t) dr = v0(r0)dr0.

Thus 
                             v (r, t) = v0(r0)(dr0 / dr). 
Employing the parabolic growth law to express r0 in terms of r leads directly to (7.32). 
When sedimentation, coagulation, or other processes are not negligible compared to 
condensation, additional terms are required in (7.31) and the solution can become 
difficult. 
 

Measurements in developing cumulus clouds of the droplet sizes within a few 
tens of meters of cloud base ordinarily indicate narrow distributions centered at a 
radius ranging from about 5 to 10 μm, increasing with distance from cloud base, 
which are reasonably consistent with the theory of growth by condensation.  Higher 
in the cloud, and in later stages of development, droplet spectra are broader, and may 
extend to larger drop sizes, than predicted by condensation growth in an ascending, 
unmixed cloud parcel.  Effects in addition to condensation account for spectral 
broadening, and will be discussed in the next chapter. 
  

The theory of growth by condensation-diffusion, as presented up to now, rests on 
several approximations and assumptions that are not always satisfied. In the 
remainder of this chapter we will assess the importance of some of these 
approximations, correcting the elementary theory where possible to allow for effects 
that were neglected earlier. 
 

Some corrections to the diffusional growth theory 
 
(a) Kinetic effects 
 

The mechanisms of heat, mass, and momentum transfer between a drop and its 
surroundings depend on the Knudsen number, defined as the ratio of the molecular 
mean free path of the gas to the radius of the drop.  The mean free path in air, l, 
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varies approximately inversely with the density and is about 0.06 μm for normal 
conditions at sea level. When l/r << 1, as for large drops, the fields of vapor and 
temperature may be regarded as continua.  The equations derived earlier for the 
transfer of heat and vapor are based on the Maxwell continuum approximation and 
hence are valid for drops that are much larger than the mean free path. 

 
In the other extreme, when l/r >> 1, the exchange of heat and mass can be 

calculated from molecular collision theory.  This situation, appropriate for particles 
in the air much smaller than 0.06 μm, is known as free molecular flow.  Small, newly 
generated cloud droplets have sizes typically between 0.1 and 1μm radius, for which 
neither the free molecular nor the continuum approximation is valid.  Unfortunately, 
there is no complete theory for heat and mass transfer for Knudsen numbers near unity.   
Approximations are derived by interpolating between the free molecular theory and 
continuum theory, but uncertainties remain in the quantitative results that follow from 
the approximations. 

 
Fukuta and Walter (1970) developed a method that is now widely used to allow 

for kinetic effects in droplet growth calculations. Their approach requires two new 
parameters that characterize the molecular transfer of heat and vapor: the 
accommodation coefficient α and the condensation coefficient β.  The 
accommodation coefficient is defined by  
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where  is the temperature of the vapor molecules leaving the surface of the liquid, 
T

2T ′

2 is the temperature of the liquid, and T1 is the temperature of the vapor.  α may be 
thought of as the fraction of the molecules bouncing off the surface of the drop that 
have acquired the temperature of the drop.  The condensation coefficient is defined 
as the fraction of the molecules hitting the liquid surface that condense.  α and β are, 
in general, not equal and must be determined experimentally. Within a distance of 
approximately l from the surface, it is assumed that the mass flow of vapor molecules 
per unit area and time is controlled by kinetic effects and given by  
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where e is the ambient vapor pressure, es is the saturation vapor pressure at the surface 
of the drop, and T is the ambient temperature. Fukuta and Walter argue that the flux 
given by the kinetic equation must be the same as that given by Maxwell’s theory, for 
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a suitably adjusted value of the diffusion coefficient.  Equating (7.33) and (7.7), they 
show that 

                        dm / dt = 4πrg (β)D(ρv - ρvr),                  (7.34) 
 
where g(β) is a normalization factor given by 

                            g (β) = 
βlr

r
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,                        (7.35) 

with lβ a length scale defined by  
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TR

D

v

π
β

.                     (7.36) 

    
A similar analysis of the transfer of heat leads to  

   
                          dQ / dt = 4πrf (α)K(Tr – T),                (7.37) 
 
where the normalization factor is 

                            f(α) = 
αlr

r
+

,                         (7.38) 

with  
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where R′  is the gas constant of air, cv its specific heat at constant volume, and p the 
pressure. 
 

When the kinetic effects are included, the growth equation becomes  
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For small drops, f(α) and g(β) are less than unity and the kinetic effects are a barrier to 
growth.  As r increases, these factors approach unity and (7.40) reduces to the 
continuum solution, (7.17). 

 
The reduction in growth rate depends on the values of the coefficients α and β. 

Houghton (1985) explains that the values are poorly known, but that α is thought to be 
close to unity whereas the estimates of β range from 0.02 to 0.04.  Figure 7.6 
compares the growth of drops by condensation with and without the kinetic 
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corrections.  Two examples are given, for drops initially with radii of 1 μm and 5μm. 
For all calculations the conditions are α = 1, β = 0.04, p = 100 kPa, T = 283 K, and s = 
0.5%.  The solution and curvature effects in the growth equation are neglected.  
The results show that inclusion of the kinetic corrections reduces the size reached by a 
drop at any time after it starts to grow, but that the rate of growth after sufficient 
elapsed time becomes the same as in the continuum approximation.  Because the 
growth of the smaller drop is retarded more than that of the larger one, the kinetic 
corrections account for a relatively broader spectrum at subsequent times than the 
continuum approximation. 

 
FIG. 7.6.  Comparison of condensation growth with and without kinetic corrections. Two examples 

are shown, for initial radii of 1 μm and 5μm. 

 

Fitzgerald (1972) included the kinetic corrections in a comparison of measured 
and calculated droplet spectra in developing cumulus clouds.  The data consisted of 
horizontally averaged updraft velocity measured by airplane several hundred feet 
below cloud base, the size distribution of NaCl nuclei inferred from a measured 
activity spectrum of condensation nuclei, and the measured temperature and pressure 
at cloud base.  Using the growth equation in the form (7.40), Fitzgerald computed 
the drop spectrum at a height of a few hundred meters above cloud base and 
compared results with observed spectra.  He made the comparisons for five 
continental and two maritime clouds.  Both the observed and computed spectra were 
narrowly peaked at a dominant size.  Close agreement was found, as indicated by 
drop concentrations, the mean drop size, and the standard deviation of drop size.  
The average values of the dispersion coefficient (the ratio of standard deviation to 
mean drop diameter) were 0.17 for the observed distributions and 0.12 for the 
computed distributions.  An example of the results for one of the continental clouds 
is shown in Fig. 7.7. 
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FIG. 7.7.  Comparison of computed and measured cloud droplet spectrum at height 
of 244 m above cloud base. (From Fitzgerald, 1972.) 

 
 
(b) Ventilation effects 
 

We have assumed that the vapor field surrounding each drop is spherically 
symmetrical.  This is appropriate for a droplet at rest, but when the drop is large 
enough to fall through the surrounding air with a significant speed, ambient air is 
continually replenished in the vicinity of the drop, and the vapor field becomes 
distorted.  The rates of heat and mass transfer increase, and are greatest on the 
upstream side of the drop.  These effects are incorporated into the theory of 
diffusional growth by multiplying the right-hand sides of (7.7) and (7.8) by 
appropriate ventilation coefficients that are experimentally determined and based on 
aerodynamic theory.  The coefficients equal unity for a droplet at rest and increase 
with increasing fall speed.  The coefficients need not be the same for heat and for 
vapor transfer, though they are often assumed to be so as a convenient approximation.   
From results given by Pruppacher and Klett (1978), the ventilation coefficient for 
vapor transfer may be written 

                   
⎩
⎨
⎧

>+

≤≤+
=

5.2Re,Re28.078.0
5.2Re0Re,09.000.1

2/1f

where Re is the Reynolds number of the flow around the drop, defined by Re = 2ρru/μ, 
in which r is the drop radius and u its fall speed, and ρ and μ denote the density and 
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dynamic viscosity of the air.  Evaluating f for typical conditions shows that the 
ventilation effects are negligible for droplets smaller than 10 μm in radius. The 
coefficient equals approximately 1.06 for r = 20 μm and 1.25 for r = 40 μm.  The 
growth by condensation of drops this large is usually negligible compared to growth 
by collision and coalescence.  Hence ventilation effects are unimportant in the 
growth of cloud drops.  However, such effects can be very significant in the 
evaporation of raindrops and other precipitation particles that have high velocities 
relative to the air through which they fall. 
 
(c) Nonstationary growth 
 

The fields of vapor and temperature about a growing or evaporating drop cannot 
be exactly steady because the surface of the drop is expanding or contracting. 
Moreover, the vapor content of the air surrounding the drop may change as the drop 
moves around, requiring continual adjustment of the diffusion field in its immediate 
vicinity.  Nevertheless it is a great simplification to regard the flow of heat and vapor 
as a steady state process.  This turns out to be a good approximation, because the 
temperature and vapor fields adjust very quickly to the presence of a drop and assume 
the steady state configuration. 
       

Borovikov et al. (1961) gave a nonsteady solution of the diffusion equation (7.1) 
corresponding to the situation in which a drop is inserted into an initially uniform 
vapor field.  At time zero the concentration of vapor molecules n(R) is constant at 
the undisturbed value n0, for all distances R > r, the drop radius.  At all times the 
vapor concentration at the surface of the drop is the equilibrium value, nr. The 
solution satisfying these conditions is 

                   n(R) = n∞ ⎥⎦

⎤
⎢⎣

⎡ −
−−− ∞ )

2
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Dt
rRerfnn

R
r

r  

where erf(x) denotes the error function.  Comparing the growth rate for this general 
solution with that derived from (7.4) for steady conditions, they found that after only 
10 μs, for droplets of typical size, the rates of growth are essentially the same.   
Molecular diffusion thus quickly establishes a field around the drop that corresponds 
to the steady state solution.  Consequently the transient response of the field may be 
neglected in calculations of drop growth and evaporation. 
 
 
(d)  Unsteady updraft 
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   In an attempt to explain the eventual broadening of droplet spectra with increasing 
distance above cloud base, several researchers (e.g., Warner, 1969b) have calculated 
the growth of a family of drops by condensation in a time-varying updraft.  They 
find that the resulting drop spectra often are not significantly broader than those 
produced by a steady updraft.  Some updraft structures, however, especially those 
that include a general acceleration, are capable of broadening the spectrum by 
continual activation of fresh nuclei, leading to a persistent bimodal drop-size 
distribution.  In his calculations, Warner (1969b) found that the condensation 
coefficient β could not be much larger than 0.05 to account for the almost invariable 
observations of significant numbers of droplets with r < 5 μm at heights of 100 m or 
so above cloud base.  But for droplets to grow beyond this size in reasonable times 
the coefficient cannot be much less than 0.03. 
     
   Manton (1979) explained that calculations of droplet evolution in unmixed, 
ascending parcels will inevitably give results that are relatively insensitive to the 
assumed updraft structure because of the high correlation between supersaturation and 
vertical velocity.  Thus, in a weak updraft, the droplets have a long time to grow 
before reaching a given altitude, but the supersaturation is low.  The shorter time to 
reach the same altitude in a strong updraft is approximately compensated by the 
higher supersaturation.  Except for the creation of newly activated droplets in 
regions of upward acceleration, unsteady updrafts in unmixed parcels have little effect 
on the droplet evolution. 
 
 
(e)  Statistical effects 
 

Calculations of droplet spectrum evolution in unmixed parcels of air, even with an 
unsteady updraft to provide a time-varying supersaturation, do not embody the 
variability of natural clouds.  Mixing processes and the gravitational settling of drops 
(sedimentation) prevent a population from staying together indefinitely.  Therefore 
different drops will ultimately have different histories.  It seems very plausible that 
some, by chance, will grow faster than others by experiencing higher than average 
supersaturations or longer residence times during their development.  The droplets in 
a cloud sample taken some distance above cloud base or some time after the initial 
condensation occurs are thus likely to have a distribution broader than those growing 
in an unmixed parcel. 

 
A group of Soviet cloud physicists, starting with work as reported by Mazin (1968) 
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and recently typified by that of Smirnov and Nadeykina (1984), have developed a 
theory of droplet growth by condensation that includes the effects of 
turbulence-induced fluctuations in supersaturation and diffusive mixing.  Called 
stochastic condensation, the theory accounts for some broadening of the size 
distribution of growing drops, depending on the strength of the turbulent mixing.  
The theory has not been universally embraced, probably because the amount of 
spectral broadening it predicts can be achieved by evidently simpler kinds of large 
scale mixing, as will be discussed in the next chapter.  Only recently, however, 
Cooper et al. (1986) have reported on airplane measurements in Hawaiian orographic 
clouds that indicate high variability in the supersaturation, with values as large as 2% 
in 2 to 3% of the cloud volume.  They suggest that such high variability might make 
it possible for a few droplets to grow much more rapidly than the average, though 
whether the observations support the Soviet theory of stochastic condensation or 
alternative theories is not clear. 
     

It has been speculated (Srivastava, 1969) that droplets may grow at different rates 
even in a homogeneous vapor field because the droplet concentration in a well mixed 
cloud is a random variable with a Poisson probability distribution.  Thus, if the 
average concentration is, say, 500 per cm3, the local concentration will vary 
considerably about this value.  On average, each drop occupies a volume of 1/500 = 
0.002 cm3, but some fraction of the drops occupy or control a volume less than this 
amount.  If the local concentration were sufficiently high, then the volume available 
to each drop could conceivably be so small that the vapor field would not achieve its 
theoretical steady state profile outwards from the drop surface.  Neighboring drops 
would distort the field, retarding drop growth.  This reduction would have to be 
compensated by a faster growth rate of the drops in areas of low concentration.   
Otherwise, the supersaturation would increase. 
 

In spite of the reality of these fluctuations, there is reason to expect that the effect 
on droplet growth may be small.  From (7.4) for the steady state vapor profile, it is 
clear that the influence of a drop on the vapor field becomes small at outward 
distances exceeding ten radii or so.  Yet even in regions of high droplet concentration 
due to chance fluctuations, the droplet separation is nearly everywhere greater than 
thus amount.  Kabanov et al. (1971) gave more detailed arguments to conclude that 
the natural fluctuations in droplet concentration should have a negligible influence on 
the evolving drop spectrum. 
 

The understanding of drop spectral broadening after the initial stage of 
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condensation is a challenging problem that has occupied many researchers over the 
past two decades.  It will be discussed further in the next chapter in the context of 
precipitation development. 
 
 
 
Problems 
 
7.1   Prove that, in general, the difference between the masses of two droplets 

growing in the same environment according to the approximation (7.19) 
increases with time. 

 
7.2   A droplet grows by condensation from a radius of 2 μm to 20 μm in 10 min at a 

temperature of 0oC and a pressure 70 kPa. Estimate the ambient supersaturation, 
neglecting the solution and curvature terms in the growth equation. 

 
7.3   Show that the pseudoadiabatic lapse rate (eq. 3.16) can be derived from 

equations (7.22)–(7.24). 
 
7.4   A sample of moist air is cooled isobarically. A cloud forms and the cooling 

continues. In a form similar to (7.22), the rate of change of the saturation ratio 
may be written 

                            
dt
dq

dt
dTq

dt
dS χ

21 −= , 

    where dT/dt and dχ/dt are the rates of change of temperature and condensed 
water. Derive expressions for the thermodynamic factors q1 and q2. evaluate 
these expressions for p = 80 kPa and T = 280 K. 

 
7.5   To analyze the approximate behavior of the supersaturation in a cloud of 

growing droplets, suppose the droplets are all the same size, growing by 
condensation according to (7.19).  Let v0 denote their concentration per unit 
mass of air, and regard this quantity as a constant under the assumption that no 
new drops are created and that no existing drops are lost.  Show that these 
assumptions, taken in connection with (7.22), lead to (7.29).  Assuming further 
that the temperature, pressure, and droplet size are slowly varying compared to 
the supersaturation s, find the solution of this equation that satisfies the initial 
condition s = s0 at t = 0.  Show that the relaxation time of the supersaturation is 
η-1. 
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7.6  The two droplets in problem 6.3 grow in steady environment with p = 80 kPa, T 

= 280 K, and s = 0.8 %. Calculate their sizes as a function of time starting at r = 
r* for each droplet and continuing for 20 min. An accurate solution to this 
problem requires careful numerical integration of the diffusional growth equation, 
(7.18). Compare these results with an analytical solution of the growth of a 
droplet in the same environment starting at size r = 0, neglecting the solution and 
curvature terms in the growth equation. 

 
7.7 In a developing cumulus cloud the droplet spectrum has a Gaussian shape, 

centered at a mean radius of 4 μm with a standard deviation of 0.6 μm. Given that 
the cloud water content is 0.2 g/m3, estimate the supersaturation in an updraft of 8 
m/s. Assume a temperature of 0oC and a pressure of 80 kPa. 
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