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Rain and Snow 
 
Drop-size distribution 
 

Precipitation may be initiated through either the coalescence process or the 
ice-crystal process, with coalescence favored in clouds that are relatively warm with 
high liquid water contents. After precipitation particles are formed they grow chiefly 
by sweeping out cloud droplets (accretion) or by combining with one another. 
Depending upon various factors, this continued growth produces raindrops, 
snowflakes, or hail. 
 

Regardless of how it is initiated, precipitation over much of the world reaches the 
ground as rain. Its most commonly measured characteristic is the rainfall rate at the 
surface. A more complete description of the rain is provided by the drop-size 
distribution function, which expresses the number of drops per unit size interval 
(usually diameter) per unit volume of space. Such distributions have been measured 
by a variety of methods in most of the world’s climatic regions. Though they are 
variable in time and space, the distributions usually indicate a rapid decrease in drop 
concentration with increasing size, at least for diameters exceeding about l mm. Also 
they generally show a systematic variation with rainfall intensity, the relative number 
of large drops tending to increase with rainfall rate. 

 
   Some examples of raindrop spectra are shown in Fig. l0.l. These were obtained 
with an instrument having a collection area of 50 cm2 which records the size of 
individual raindrops by sensing their momentum on impact. For each curve the 
sample time is indicated as well as the total number of drops counted. A relatively 
large sample is needed when estimating drop-size distributions to suppress the 
statistical variability in counts of the rare large drops. In this figure the distributions 
numbered l and 2 were recorded in steady rain; distribution 3 was measured in a 
thunderstorm. 
 
   These examples, and the measurements of many others, indicate that drop-size 
distributions are of an approximate negative-exponential form, especially in rain that 
is fairly steady. Marshall and Palmer(1948) first suggested this approximation on the 
basis of a summer’s observations in Ottawa, Canada. Figure l0.2 compares drop 

 10-1



spectra at three values of rainfall rate with the best-fit exponential approximations, 
which are straight lines on the semilogarithmic coordinates. Thus the drop-size 
distributions, except for very small sizes, may be approximated as 
 

                             N(D) = ,                     (10.1) DeN Λ−
0

 
where N(D)dD is the number of drops per unit volume with diameters between D and 
D + dD. Marshall and Palmer found that the slope factor Λ depends only on rainfall 
rate and is given by 
                             Λ(R) = 41R–0.21,                     (10.2) 
 
where Λ has units of cm–l and R is measured in mm/h. Rather remarkably, they also 
found that the intercept parameter N0 is a constant given by 
 

N0 = 0.08 cm–4.                     (10.3) 
 
   It is obvious from Fig. 10.1 that not all drop-size distributions have the simple 
exponential form. Yet measurements from many different regions have shown that an 
exponential tends to be the limiting form as individual samples are averaged. 
Moreover, for steady rain at continental midlatitudes, the Marshall-Palmer values of 
Λ and N0 are often found to be reasonable approximations. 
 

 
FIG. 10.1. Examples of measured drop-size distributions in rain. Indicated for each curve are the 
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duration of the observation, the total number of drops counted, and the average rainfall rate. 

Distributions and 2 were recorded during nearly constant rain; distribution 3 was recorded during a 

thunderstorm. (From Joss et al., 1968.) 

 

 

FIG. 10.2 Measured drop-size distributions (dotted lines) compared with best-fit exponential curves 

(straight lines) and distributions reported by others (dashed lines). (From Marshall and Palmer, 1948.) 

 
 
Drop breakup 
 
   An explanation of the tendency for drop-size distributions to approach a 
negative-exponential form is provided, at least in part, by the phenomenon of breakup. 
Raindrops are limited in size because the chance of disruption increases with size. 
One cause of breakup is the aerodynamically induced circulation of water in the drop. 
Komabayasi et al. (1964) have given data on the probability of this “spontaneous” 
breakup as a function of drop size, and the size spectrum of the small drops produced. 
Their results show that once a diameter of approximately 3 mm is reached, it is not 
sure that surface tension can hold the drop together, and that a drop of 6mm diameter 
is unstable and can exist only briefly before breaking apart. Theoretical calculations of 
the growth of raindrops including spontaneous breakup have yielded size distributions 
that are flatter than those observed. Recent theoretical and observational evidence has 
indicated that water drops may actually reach diameters as large as l0 mm before 
spontaneous breakup occurs, and it is now thought that this mode of disintegration 
may be unimportant in the development of raindrop spectra in the atmosphere. 
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Another cause of breakup is collisions between drops. In a laboratory study of 
water drops of diameter 0.3 to l.5 mm colliding at an angle with relative velocities 
ranging from 0.3 to 3 m/s, Brazier-Smith et al. (1972) found that permanent 
coalescence becomes less likely for increasing values of drop size, relative velocity, 
and impact parameter. Collisions at grazing incidence produce a spinning, elongated 
drop which may quickly fly apart, resulting in the formation of satellite drops. 
Disruption occurs when the rotational kinetic energy of the coupled drops exceeds the 
surface energy required to produce separate drops. From a comparison of these 
energies, Brazier-Smith et al. obtained the following expression for the coalescence 
efficiency: 
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where σ is the surface tension of the drops, ρ is the density, U the relative 
velocity, and f(R/r) a dimensionless factor given by 
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For the range of drop sizes tested good agreement was found between (10.4) and the 
laboratory observations. It should be noted that ε defined by this equation can take on 
values greater than unity for certain combinations of R, r and U. Evidently ε may be 
interpreted as the coalescence efficiency only for values less than or equal to unity. 
   

For drops freely falling in the atmosphere the relative velocity U is the difference 
in terminal fall speed of drops of radius R and r. The Gunn and Kinzer data of Table 
8.2 were used to determine U for all radius pairs. Then (l0.4) was evaluated as a 
function of R and r, and is plotted in Fig. 10.3. This figure shows that the coalescence 
efficiency is unity for R < 0.4 mm or r < 0.2 mm. Values of ε less than 0.2 exist for 1 
mm < R < 2.5 mm. Minima of ε fall approximately on the line r = 0.6R. The 
efficiency is unity for all values of r such that r < 0.2R or r > 0.9R. Comparing Figs. 
10.3 and 8.3 indicates that the collision efficiency is essentially unity in the region 
where the coalescence efficiency is less than unity, and conversely. Therefore the 
collection efficiency, to good approximation, equals either the collision efficiency or 
the coalescence efficiency, whichever is the smaller. 

 
   Brazier-Smith et al. observed that most of the collisions that did not lead to 
permanent coalescence resulted in the production of small satellite drops, ranging in 
number from l to l0 and with sizes from 20 to 220 μm radius. In a theoretical study 
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of raindrop interactions and rainfall rates within clouds, the same authors 
(Brazier-Smith et al., 1973) explained that breakup may be approximated reasonably 
well by assuming that every collision-induced disruption produces three satellite 
drops of equal size, each with a volume given by 0.04VlV2/(V1+V2) where V1 and V2 

denote the volumes of the parent drops. Because of the limited range of radius pairs 
over which collision-breakup can occur, this formula usually predicts satellite drops 
of about l00 μm radius. 

 
FIG 10.3. Coalescence efficiency from the theory of Brazier-Smith et al., as a function of drop radii. 

The value of ε is the fraction of collisions that result in permanent coalescence. All collisions lead to 

coalescence outside the contour ε = 1. 
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FIG. l0.4. Theoretical drop-size distribution produced after 30 min in a model of droplet growth that 

includes the effects of condensation, coalescence, and collision breakup. (Adapted from Young, 1975.) 

 
In a theoretical treatment of drop-spectrum evolution, Young (1975) included the 

effects of collision-induced breakup along with growth by condensation and 
coalescence. Starting with an assumed activity spectrum of condensation nuclei, he 
calculated the drop-size distribution as a function of time in a volume of cloudy air 
ascending at constant velocity. The breakup process was modeled according to the 
findings of Brazier-Smith et al. Thus, after drops grow beyond 0.4 mm some fraction 
of the collisions cause fragmentation and the production of satellite drops. Figure l0.4 
shows the raindrop spectrum after 30 min of ascent at 3 m/s in a cloud with maritime 
characteristics. The spectrum can be adequately approximated by an exponential of 
the form (l0.l). Although Young pointed out that the exponent Λ in the best-fit curve 
differs from that predicted by (l0.2) for the calculated rainfall rate, the results 
convincingly demonstrate the importance of collision breakup in establishing the 
limiting exponential form. The discrepancy in Λ should not be too disturbing in any 
case, because the Marshall-Palmer relation (l0.2) has not been found to m maritime 
rain. 
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FIG. 10.5. Schematic illustration of the three common types of drop breakup. (From McTaggart-Cowan 

and List, 1975.) 

 

The formulation of the breakup process by Brazier-Smith et al. has come under 
question because (l) their experiments were for drops colliding at an angle rather than 
head-on and (2) the effect of the air was neglected in the theoretical development. 
Low and List (1982) argued that experiments should be conducted so that the force of 
gravity, the drop velocities, and the drag force of the air are vertical and parallel, and 
that the drops should have the correct fall velocity relative to one another and to the 
air at the time of the collision. They carried out experiments satisfying these 
requirements for drops with diameters ranging from 0.0395 to 0.46 cm, finding that 
three common breakup types could be distinguished, as illustrated in Fig. l0.5. The 
neck or filament breakup is caused by glancing collisions. The identities of the 
colliding drops are generally preserved and new satellites droplets are created by the 
disintegration of the connecting neck as the parent drops separate. This mode of 
breakup is similar to that investigated by Brazier-Smith et al. Sheet breakup occurs 
when the drops collide in such a way that one side of the large drop is torn off. The 
bulk of the large drop then rotates about the point of impact, issuing a sheet of water 
that breaks apart into satellites. The identity of the large drop is preserved but that of 
the small drop is lost in this kind of collision. The third type of breakup occurs when 
the point of impact is close to the center of the bigger drop. Coalescence occurs 
temporarily but a disk spreads out from the center and disintegrates into a large 
number of medium-sized drops. The identities of both drops are lost in disk breakup. 
 

In addition to the point of impact on the larger drop, another parameter that was 
found to determine whether breakup occurs and the subsequent mode of breakup is 

 10-7



the collision kinetic energy of the drop pair relative to its center of mass, defined as      
 

                        CKE = 2
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where U is the relative velocity and γ= R/r. For high values of CKE, all three modes 
of breakup can occur depending on the point of impact. For smaller CKE and for 
small values of γ, filament breakup occurs regardless of the point of contact. For 
very small CKE, coalescence occurs if the total energy ET, which equals the sum of 
CKE and the excess surface energy when two drops coalesce to from a bigger drop, 
can be dissipated through the oscillation and deformation of the drop and the internal 
circulation of water in the drop. Low and List found experimentally that the fraction 
of collisions leading to coalescence without breakup (that is, the coalescence 
efficiency) is given by the empirical relation   
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                  = 0, otherwise, 
 
where a = 0.778, b = 2.61×106 J-2 m2, σ is the surface tension, and ET is given by 
                        ET = CKE + 4πσ(r2+R2) – SC ,                (10.8) 
with 
                        SC = 4πσ(r3+R3)2/3 

 

 
FIG. 10.6.  Empirical coalescence efficiencies of Low and List. (Fdapted from Low and List, 1982.) 

 
Figure 10.6 shows the coalescence efficiency given by (10.7). The minimum 

efficiencies lie approximately along the line R = 0.5r, which also delineates the region 
where CKE is close to a maximum. For a fixed R, the coalescence efficiency 
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generally decreases with increasing r in a manner similar to the results of 
Brazier-Smith et al. However, when r exceeds about 0.5 mm, the Low and List value 
of ε remains small. 

 
   Low and List measured the size distributions of the satellite fragments and fitted 
them with normal and lognormal distribution. Figure 10.7 gives an example of the 
results for the three breakup modes, for the collision of drops with diameters of 0.46 
and 0.18 cm. For filament breakup, besides the two peaks centered at the original 
sizes, a third peak appears at smaller diameters. Sheet breakup is effective in 
eliminating the smaller drop size from the distribution. Disk breakup is important in 
limiting the growth of the largest drops. 

 
FIG. 10.7.  Examples of size distributions of fragments produced by the types of breakup in fig. 10.5. 

(Adapted from Low and list, 1982.) 
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By incorporating the frequency of breakup and the size distribution of fragments 
deduced from these experiments, Valdez and Young (1985), Brown (1986), and List et 
al. (1987) calculated the drop-size distribution as a function of time as it evolves from 
an initial Marshall-Palmer distribution. They found that an equilibrium distribution is 
eventually established in which, for a given amount of rainwater, the shape of the 
distribution stabilizes. Large drops grow by consuming smaller ones but they 
eventually break apart, replenishing the numbers of small drops. Figure l0.8 is an 
example of the results. The dashed lines indicate the initial distributions, 
corresponding to rainwater contents of 1.766, 3.471, and 5.572 g/m3 and rainfall rates 
of 41.0, 81.5, and 134.5 mm/h. These high values of rain amount and rain rate were 
used to give a high rate of collisions and breakup, minimizing the time required to 
reach equilibrium. It is evident that the equilibrium spectra, shown by solid lines, 
deviate significantly from the Marshall-Palmer form. The distributions are essentially 
parallel to one another and trimodal, with peaks at radii of about 0.12, 0.43, and l.0 
mm. Valdez and Young doubted that these distributions could ever be observed under 
atmospheric conditions because it took almost an hour to reach equilibrium for a 
rainwater content of 1.77 g/m3. Still longer times would be required for smaller and 
more typical rainwater contents. List et al., on the other hand, presented evidence that 
the major features of the distribution, especially the location of the peaks, can be 
established relatively quickly and are present in the computed spectrum 5-l0 min after 
collisions begin. Steiner and Waldvogel (1987) analyzed many measured raindrop 
spectra and found, rather remarkably, that one or more spectral peaks were often 
present at four distinct radii: 0.35, 0.5, 0.95, and l.6 mm. The observed peak at 0.95 
mm agrees closely with the theoretical prediction of an equilibrium peak at l.0 mm by 
Valdez and Young and by others. The other observed peaks do not correspond as 
closely to the predictions, although the agreement may be expected to improve as our 
understanding of the coalescence and breakup process is further refined. 

 10-10



 
FIG. 10.8. Equilibrium raindrop size distributions for three rainfall rates, and the Marshall-Palmer 

distributions corresponding to the same three values of liquid water content. (Adapted from Valdez and 

Young, 1985.) 

 

Distribution of snowflakes with size 
 
   Snowflakes rather than individual ice crystals account for most of the 
precipitation reaching the ground as snow. As the snowflakes are irregular aggregates 
of crystals or smaller snowflakes, there is no easy way to measure their linear 
dimensions. Consequently, data on snowflake sizes are usually expressed in terms of 
particle mass or, equivalently, the diameter of the water drop formed when the 
snowflake melts. 
   

Size distributions of aggregate snowflakes were measured by Gunn and Marshall 
(1958). They plotted the data on semilogarithmic coordinates, as for raindrops, 
obtaining the results shown in Fig. l0.9. 
   

Once again the data points for a given rate of precipitation can be fitted 
reasonably well by an exponential function of the form (l0.1). For snow, however, the 
parameters are related to precipitation intensity by 

 
                          Λ (cm–1) = 25.5R–0.48                     (10.9) 
and 

N0 (cm–4) = 3.8 × 10–2R–0.48.                  (10.10) 
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In these equations the precipitation rate R (mm/h) is in terms of the water-equivalent 
depth of the accumulated snow. 
 
   In theoretical studies of precipitation development it is often necessary to 
compute moments of the drop-size distribution. For example, the flux of precipitation 
through a horizontal area, the mass of precipitation per unit volume, and the radar 
reflectivity of the precipitation are all simply related to certain moments of N(D). This 
makes the exponential approximation especially convenient to use in theoretical work, 
since the moments are known analytically: the nth moment given by 
 

                     100
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n nNdDDND ,                 (10.11) 

 
where Γ denotes the gamma function. (For n an integer Γ(n +1) = n!) This analytical 
result, which requires an infinite upper limit of integration, is usually a good 
approximation for real distributions that have a finite upper limit of diameter. The 
exponential form of N(D) falls off so rapidly with D that the unrealistic large particles 
implied by the infinite limit make little contribution to the integral. 

 
FIG. 10.9. Size distributions of snowflakes in terms of diameters of drops produced by melting the 

snowflakes. (From Gunn and Marshall, 1958) 
 
   Reanalyzing the data of Gunn and Marshall and of others, Sekhon and Srivastava 
(1970) determined that the negative-exponential function (10.l) provides an adequate 
fit for all the observations, but that more consistent results can be achieved in 
theoretical work with the moments of N(D) if the parameters have the values 
 

Λ(cm–l) = 22.9R–0.45                       (10.12) 
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and 
N0(cm–4) = 2.5 × l0–2R–0.94 .                  (10.13) 

   
Because of uncertainties in the methods of measuring N(D) for snowflakes some 

discrepancies in results are expected. The measurements are obtained from 
observations of the number of flakes of a given size that fall on a horizontal surface 
during a certain exposure time. To infer from these observations the concentration 
N(D) of snowflakes in space, it is necessary to divide the observed distributions by the 
fall speeds of the snowflakes in each size interval. These fall speeds are not uniquely 
dependent on size, but depend also upon density and possibly the crystal forms that 
make up the snowflake. Uncertainty is thus introduced into the estimates of N(D), 
undoubtedly accounting for some of the disagreement in data given by different 
investigators. Moreover, because there is real variability in snowflake structure there 
is quite likely to be real variability in the dependence of N(D) on precipitation rate. 
Without other information, however, it is probably reasonable in theoretical studies to 
use the formulas of Sekhon and Srivastava, which were found to fit a large number of 
observations adequately and to lead to consistent relationships among the moments of 
N(D). 
 
 
Aggregation and breakup of snowflakes 
 
   Jiusto and Weickmann (1973) found that the larger snowflakes—those consisting 
of l0 to l00 or more individual crystals—often consist of dendrites and thin plates 
indicative of diffusional growth conditions near water saturation. Column and 
thick-plate aggregates, signifying ice-saturation conditions, are far less common. 
Rimed crystal forms, which indicate growth by accretion of supercooled droplets, are 
common when ambient temperatures are relatively mild, and tend to be produced by 
convective clouds, suggesting the requirement of high liquid water contents and a 
scarcity of ice nuclei. Jiusto and Weickmann also reported that irregular crystal forms 
such as fragments, rimed branches, and nonsymmetric segments are sometimes 
dominant in heavy snowfall. 
   

While it is obvious enough that snowflake size distributions, like those of 
raindrops, are established by the processes of growth and fracturing, the development 
of snowflake populations is more difficult to analyze theoretically. The crystal habit is 
significant in determining the diffusional growth rate, and may also affect the 
tendency for clumping. Fracturing of snowflakes is likely to be coillsion-induced, but 

 10-13



it may depend on crystal type and temperature. General equations for ice crystal 
growth by accretion and aggregation have been formulated (see pp. 165-166), but 
with the many uncertainties about crystal formation and interaction it is unlikely that a 
comprehensive model of the evolution of size distributions in snow will be developed 
soon. 
 
 
Precipitation rates 
 
   The precipitation rate or intensity is the flux of precipitation through a horizontal 
surface. It is measured in terms of the volume flux of water. The SI units are therefore 
m3 m–2 s–l = m/s, but by convention it is usually expressed in mm/h. 
   

The intensity can be written in terms of the size distribution function N(D) as 
 

                        dDDuDDNR )()(
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π                  (10.14) 

 
where u(D) is the fall velocity of particles of size D. With the convention that D refers 
to melted diameter and R to the equivalent rainfall rate, (10.14) applies to snow as 
well as rain. 
   

A measure of the precipitation amounts that is independent of the fall speed is the 
precipitation water content L, denned by 

 

                      L = dDDDNL
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ρπ                      (10.15) 

   
Values of R at the surface can vary from trace amounts up to several hundred 

mm/h. rainfall rates in excess of about 25 mm/h are always associated with convective 
clouds. At most localities precipitation rates in the form of snowfall tend to be at least 
an order of magnitude less than those in the form of rainfall. For the Montreal area, 
which may be fairly typical of many midlatitude localities, the main contribution to a 
year’s total rainfall comes from rainfall rates of about l0 mm/h. 
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Problems 
 
10.1.  For a population of raindrops having an exponential distribution, 
                             N(D)= N0e–ΛD

      It is easy to show that the median diameter, Dm, is equal to (ln2)/Λ. In 
theoretical work, a quantity sometimes used to characterize a drop population 
is the median volume diameter, D0, defined such that the drops with diameters 
smaller than D0 account for half the total volume of rainwater. Solve for D0 as 
a function of Dm. 

 
l0.2.  A small graupel particle is caught in the updraft of a developing cumulonimbus 

cloud. Its initial diameter is 0.l mm and the updraft is constant at l0 m/s. 
Determine the time required for the particle to grow to a diameter of 2mm and 
the distance through which it ascends during this time. Assume the cloud 
liquid water content is constant at 2 g/m3. Neglect growth by sublimation. 

        The relation between the mass and radius of graupel is approximately 
                            m = 0.52r3   (CGS units) 
      and the dependence of graupel fall speed on size may be approximated as 
                            u(r) = 520r0.6   (CGS units) 
      Assume a collection efficiency of unity. 
 
10.3.  The rate of production of cloud water at a given level in a developing 

convective cloud is proportional to the updraft speed at that level. As rain falls 
through the level it sweeps out cloud droplets and depletes the cloud water 
content. Derive the relationship between rainfall rate and updraft speed that 
corresponds to a balance between the rate of cloud water production and the 
rate of sweepout. Make the following assumptions: 

      (l)  All vapor excess over the equilibrium saturation ratio immediately 
condenses to form cloud droplets. 

      (2)  Raindrop size distribution is of the general exponential form 
                            N(D) = N0exp (–bD), 
          with N0 a constant equal to the Marshall-Palmer value 0.08 cm–4 and b a 

parameter that depends on the rainfall rate. 
    (3)  Terminal fall speed of the raindrops is related to drop diameter by 

                                u(D) = kD, 
with k = 4×103 s–l. 
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