Chapter 3 Surface Integral

Assume the surface is defined by

x:f(u,v)
y:g(uav) >, OF, Z=f_(X,y)
z = h(u,v)

then let us find the surface integral ” G(x, v, Z)dA =7
N

often G(x,,2) can be written as G(x,y,z)=F(x,y,z)- i

where n is the normal vector of surface S,
and F is a vector function

Example: the gravitational force field is defined as

F(r,A,4)=— fom e

The fluid velocity is defined as  V(x,y,z)

Note: 1 = unit normal vector tosurface S
i.e., length =1, and “ L ”(normal) to surface S

Ex:
Sphere Cylinder

n=e
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Find UF(x,y,z) ‘ndA="?

= Get two tangent vector b ,b,

b, = @i + a—gj + %f(
ou ou ou

b, = @f + a—gj + %l}
ov ov ov

then by usingb, and b, we can find normal vector f as

N=b, xb,
. blleV
S.n==x
b, xb,

(“ L depends on the problem, but n always directs outward from the surface)
dA = |bu ><bv|dudv
= J.J.F(x,y,z)°ﬁ dA
S
=”F(f(u v),g(u,v),h(u,v))- (b, xb_)dudv (3.1)
N

need to compute each component

Ex: For z = f(x,y),

X=X bxzi+glf<
=3 y=y A a}CA
Z:f(xay) by:']+5k
ik
—b xb =N=|1 0 &L _—@i—ngA(
ox ox Y
0 1 @
Oy
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NEEEIEER)

JIRGepz)h = (R [_ %%1} ddy

S(x,y)

Note: the physical meaning of F-n= the flux of F through surface S

Ex: Consider a vector field F = i+ Xy j

X=u+v
<u<l

asurface S: y=u-v
<v<l1

X+ y (x+y)
Sol: =u z=
2 4 -
A
b, = 95 agj+@f<=i+j+2ul}
8u ou ou
b, =i+ %5 Pi-]
8v ov ov
S [Fhda= ij  dudy

:”[1 + (u —vz)J]- [bu xbv]dudv

[1, u’ —v’, O] : [2u, 2u, — 2] dudv

[2u + Zu(uz —? )] dudv =H[2u +2u’ — 2uv2]dudv
00

u=l

Il
O ey — O ) — O e —
M 1 ot o=

1
uz+lu4—u2v2 dv=| 1+l—v2 a’VZE—l:Z
2 0 2 2 3 6

u=0

w
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b xb =1 1 2u|=+2ui+2uj+(-2uk

1 -1 0
Ex:
z 2 2
1 x*+y* <1, =2 ty
4
outward For F=i+xyj
y Find [[F-hdd=?

X
Sol: Transform the Cartesian coordinate into the cylindrical coordinate

x=rcosf=f(r,0)

=rsinfd = 0
002277 VTrsmo=glr0)
=222 ST p(r,0)

b, =@i+a—g3+%f<:cos6’i+sin6’j+
— or or or

b, :zi+a—g3+%f(:—rsin9i+rcos(93’+0f(
00 00" 00

k

N |

z Thus, Find [[F-hdA=[[F-(b,xb, )drdo
A _ _
b, xb, Note that
% Br
b 1 r>cos@sind

0

> 7 F-(b,xb_)=|-rsiné rcosd

cosd sin @

X

2 2
= %cos@ —r?cos@sin 9(— %sin Hj

v 2 4
y .
= ?cosﬁ + ?cosﬁsm2 2]
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. _2;:1 i i .
:>”F ndAd= _([{{2 cosd + 5 cosdsin Q}drdﬁ

27
= I[lcosﬁ + Lcosé’sin2 49}(1’0
6 10

27 27
:%J.cosedéw%jsinz@dsin@
0 0

1 1
== 0+—(0-0)=0
6 +30( )

e Divergence of Vector fields

Recall the Gauss’s Law of Electrostatics:

[[E-fdA =4y, (32)

S
where S is any closed surface,
E is the electrical field,
n is the normal vector of surface S,
q, 1s the total electrical charge contained by surface S .

Another way to find the electrical field E:

— ,0()_(?,)_/,2)12(1”—77) 7
=l o e

E(x,y,z2)

p(X,¥,2)
where p(X,y,z) isthe charge density

Consider E changes smoothly and o also changes smoothly

Thus [[E-AdA =4y, ~4zp(x,y,z)AV
S

1
= lim— ||E-nd4d =47np(x,y,z)=divE=V -E
AV%OAV{! p( yZ)
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Thus

lim —
AV—#)Z&L/ S

ij fidA=V -E

(3.3)

I}xo,yo,zo)

¥
\

Az
Ax

y

»
>

Than at the front surface,

AV = AxAyAz, P(x,,,,z,): center of cubic
Consider E=E i+E j+ Ek
for the front surface = =i

~

for the back surface= n =—i

E-n =E(x0 +%,y0,zoj . (i)zEx(xO +%)

AA = AyAz

[[E-hda=E

FRONT

Similarly, [[E-hdA=-E

BACK

FRONT BACK

A)
AV

Av{pﬂf AdA+ [[E-ddd

BACK

X(xo + %)AyAz

(

= [[E-hdA+ [[E-hdd=

X, — %)AyAz

Fale 52

further assume

(AV _ AxAyAZ) AV —01.e., Ax
Ay —0,Az—>0

OFE

6h: (xO%yO’ZO)

— 0,

Similarly for other two surface (LEFT & RIGHT, UP & DOWN)

OF .
+

OE, O
+ 4

= V- E—hm—”E ndAd=
AV—>0AVAS
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ox oy 0Oz

where E=E i + Eyj +Ek



. Gauss’s Law can be written as

0E. OE, OE
S + = =4rplx,y, 3.5
R p(x,y.2) (3.5)

Physical meaning of V - E:

1 .
Vﬁ-E:g@OFgE-ndA

Divergence of vector field E (per unit volume)

Divergence of F in Cartesian coordinate:

V-F

4

OF OF, OF
=—=+ +

, whereF=Fi+F j+Fk
ox Oy Oz g

For a general orthogonal coordinate system (u,v,w)

X = f(u,v,w)
v =glu,v,w) b,.b,.b, withlength 4 ,h,,h,
z = h(u,v,w)

Au Av Aw
Uy +— Vg +— W, +—
2 2
Nl

2

(4y,vy,w,) center point

Gmmmo -

PV AV = hh,h,AuAvAw (- orthogonal)
1
if h 1
el A Aw (if not orthogonal,
Uy 5 0T, M T, AV=|b1 '(bszJdudvdW
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By definition,

V-leimiij-ﬁdA

AV —0 AV S
= lim 1 [[F-fd4
o Ar=0 b h, AuAvVAW s —
Ex: Consider the polar coordinate (r,0)
y
A
rA0 hAu = Ar (h,=1)
h,Av=rA0O (h,=1)
A6
r
N . _

v

Consider these two surfaces

Au
S, "u=u, + 7"constant surface

Au
S, :"u=u, - 7”constant surface

=22 Ps b Avaw
b, xb,
xb, |b xb |AvAw

Decompose F into three components:

F=Fe +Fe +Fe,

Along surface S, :

fi=é,b,xb,=hhe,

u?
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“F'ﬁdA = Fu(uo +%,v0,w0jh2(uo +%,v0,w0jh3(uo +%,VO,WOJAVAW
$

Similarly HF "ndA = —Fu(u0 —&,vo,wojhz[uo —ﬂ,vo,wojh{uo —ﬂ,VO,WOJAvAw
S, 2 2 2
Tmsgg——“ﬁrmM+ﬂFn¢%

AV%Ohh hyAuAvAw ul Ho 2 Vo, Wo || Uy 5 s Vo, Wy |13| Ug > > Vs Wy

Au Au Au
_FM(MO —T,VO,Wojhz[uo —T,VO,WOJ}Z3(MO —T,VO,WOJ}

1 ©
hhyh, Ou

—(F,h,hs)

Similar derivations are for other four surfaces (UP & DOWN, FRONT & BACK)

Thus the final expression is

1 5 5 0
V-F= - (Fhh, Fohyh )+ ~—(F,hh

Ex: For the Cylindrical coordinate (r, 8, z):
h, =1 < r—component
h, =r < 6 —component

h3 =1< z—component

’.V-F:}[a(F )2 (F9)+2(Fz-r)}

or 06 0z

1[ OF, } 10F, OF
=—|\r——+F |+— +—=
r| or "l rof oz

_OF, 1. 10F, OF

8}* r ' rof oz

Chapter 3 Surface Integral 9



Divergence Theorem (or The Guess Theorem):

[[F-fda=[[[V-FdV (3.7)

where S is a surface
V' is the volume contained by the closed surface S

”F ‘NdA= ZHF 1 dA

small S,
volume

SRR = lim ZAV(LK”F-MAJ

volumeV
=lim Y AV(V-F
surface S Avio0 2 ( )

AV; =0

volume

small
volume

=[[|[vV-Fav
4
Application of divergence theorem —> mass conservation
density = p(x, v,z, t)

Let velocity = V(x, V.2, t)
M (t) = total mass in the fixed volume

then

djgt(t) B %.[.V”.p(xﬂ%zsf)dl/ = '[_V”g—fdl/

fixed volume V'

In other words,
dM (t)

P —” V -1 dA (flux outward of pV)

= —I j IV (pV)dV  (using the divergence theorem)

m dV— mv (pV)av

0 o :
Thus for any volume V = a—f =-V: (pV) (3.8)  Continuity Equation
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Note that for incompressible fluid, p = constant,i.e., P _ 0

So the continuity equation is reduced to
0=V:(pV)=pV-V=> V:V=0 (3.9

Continuity Equation for Incompressible fluid
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