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Chapter 3  Surface Integral 
 
Assume the surface is defined by 

        
( )
( )
( )

( )yxfz
vuhz
vugy
vufx

,  or,  ,
,
,
,

=
⎪
⎭

⎪
⎬

⎫

=
=
=

 

then let us find the surface integral ( )∫∫ =
S

dAzyxG ?,,  

   often G(x,y,z) can be written as ( ) ( ) nF ˆ,, ⋅= x,y,zzyxG  

               where n̂  is the normal vector of surface S , 
and F  is a vector function 

 
Example: the gravitational force field is defined as 

             ( ) reF ˆ,, 2r
GMmr −=φλ  

    The fluid velocity is defined as ( )x,y,zV  

 
Note: S surface vector tonormalunit  ˆ ≡n  
   i.e., length = 1, and “⊥ ”(normal) to surface S  
 
 
Ex:                      
    Sphere                      Cylinder   
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Note: the physical meaning of ≡⋅nF ˆ  the flux of F  through surface S  
 

Ex: Consider a vector field jiF ˆ ˆ xy+=  
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   Find the surface integral =∫∫ ⋅ dA
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Sol: Transform the Cartesian coordinate into the cylindrical coordinate 
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● Divergence of Vector fields 
 
   Recall the Gauss’s Law of Electrostatics:  
 

∫∫ =⋅
S

oqdA π4nE v       (3.2) 

where S is any closed surface, 
      E is the electrical field, 
      n̂  is the normal vector of surface S , 
      qo is the total electrical charge contained by surface S . 

 
Another way to find the electrical field E : 
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where ),,( zyxρ  is the charge density 

Consider E  changes smoothly and ρ  also changes smoothly 
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S
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∴ Gauss’s Law can be written as  
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Similar derivations are for other four surfaces (UP & DOWN, FRONT & BACK) 
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Application of divergence theorem ⇒  mass conservation 
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Note that for incompressible fluid, 0
t

 i.e., constant, =
∂
∂

=
ρρ  

   So the continuity equation is reduced to 
 

( ) 0   0 =∇⇒∇=∇= ⋅⋅⋅ VVV ρρ     (3.9)  
 
Continuity Equation for Incompressible fluid 
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